ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۹۲

ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ:
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)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(.
 .۱ﺩﺭ ﻃﻮﻝ ﺟﺸﻦ ﻧﻮﺭ ﻭﺯ ،ﺳﺎﺭﺍ  ۴۷ﺷﮑﻼﺕ ﻭ  ۷۴ﻣﺮﺑﺎ ﺑﯿﻦ ﺑﭽﻪﻫﺎ ﺗﻮﺯﯾﻊ ﻣﯽﮐﻨﺪ .ﻫﺮ ﺩﺧﺘﺮ ﯾﮏ ﺷﮑﻼﺕ ﺑﯿﺸﺘﺮ ﺍﺯ ﻫﺮ ﭘﺴﺮ ﺩﺭ ﯾﺎﻓﺖ
ﻣﯽﮐﻨﺪ ،ﺍﻣﺎ ﻫﺮ ﭘﺴﺮ ﯾﮏ ﻣﺮﺑﺎ ﺑﯿﺸﺘﺮ ﺍﺯ ﻫﺮ ﺩﺧﺘﺮ ﺩﺭ ﯾﺎﻓﺖ ﻣﯽﮐﻨﺪ .ﺗﻌﺪﺍﺩ ﺑﭽﻪﻫﺎ ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟

] ۳ﺍﻣﺘﯿﺎﺯ[

 .۲ﭘﻮﯾﺎ ﭼﻨﺪ ﺧﺎﻧﻪ ﺍﺯ ﯾﮏ ﺟﺪﻭﻝ  ۵ × ۵ﺭﺍ ﻋﻼﻣﺖ ﻣﯽﺯﻧﺪ .ﺑﻬﺮﺍﻡ ﺑﺮﻧﺪﻩ ﻣﯽﺷﻮﺩ ﺍﮔﺮ ﺑﺘﻮﺍﻧﺪ ﻫﻤﻪ ﺧﺎﻧﻪﻫﺎﯼ ﻋﻼﻣﺖﺩﺍﺭ ﺭﺍ ﺑﺎ ﮐﻨﺞﻫﺎﯼ
ﺳﻪﺧﺎﻧﻪﺍﯼ )ﺑﻪﺻﻮﺭﺕ  (Lﺑﭙﻮﺷﺎﻧﺪ .ﮐﻨﺞﻫﺎ ﺑﺎﯾﺪ ﺩﺭ ﻭﻥ ﺟﺪﻭﻝ ﺑﺎﺷﻨﺪ ﻭ ﺭ ﻭﯼ ﻫﻢ ﻗﺮﺍﺭ ﻧﮕﯿﺮﻧﺪ .ﮐﻤﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﺧﺎﻧﻪﻫﺎﯾﯽ ﮐﻪ ﭘﻮﯾﺎ ﺑﺎﯾﺪ
ﻋﻼﻣﺖ ﺑﺰﻧﺪ ﺗﺎ ﺍﺯ ﺑﺮﺩﻥ ﺑﻬﺮﺍﻡ ﺟﻠﻮﮔﯿﺮﯼ ﮐﻨﺪ ،ﭼﻨﺪﺗﺎ ﺍﺳﺖ؟ )ﺧﺎﻧﻪﻫﺎﯼ ﮐﻨﺞﻫﺎ ﺑﺎﯾﺪ ﻣﻨﻄﺒﻖ ﺑﺮ ﺧﺎﻧﻪﻫﺎﯼ ﺟﺪﻭﻝ ﺑﺎﺷﻨﺪ(.

] ۵ﺍﻣﺘﯿﺎﺯ[

 .۳ﺭ ﻭﯼ ﯾﮏ ﻣﯿﺰ ﻣﺮﺑﻌﯽ ﯾﮏ ﺭ ﻭﻣﯿﺰﯼ ﻣﺮﺑﻌﯽ )ﺍﺣﺘﻤﺎﻻً ﺑﺎ ﺍﻧﺪﺍﺯﻩ ﻣﺘﻔﺎﻭﺕ( ﮐﻪ ﺑﺪﻭﻥ ﺗﺎ ﻭ ﭼﺮ ﻭﮎ ﺍﺳﺖ ،ﭘﻬﻦ ﺷﺪﻩ ﺍﺳﺖ .ﻫﺮ ﭼﻬﺎﺭ ﮔﻮﺷﻪ
ﻣﯿﺰ ﭘﻮﺷﯿﺪﻩ ﻧﺸﺪﻩ ﻭ ﻫﺮ ﭼﻬﺎﺭ ﺑﺨﺶ ﺁﻭﯾﺰﺍﻥ ﺭ ﻭﻣﯿﺰﯼ ،ﻣﺜﻠﺜﯽ ﻫﺴﺘﻨﺪ .ﺑﺎ ﺍﯾﻦ ﻓﺮﺽ ﮐﻪ ﺩﻭ ﺑﺨﺶ ﺁﻭﯾﺰﺍﻥ ﻣﺠﺎﻭﺭ ﺭ ﻭﻣﯿﺰﯼ ﯾﮑﺴﺎﻥ
ﻫﺴﺘﻨﺪ ،ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺩﻭ ﺑﺨﺶ ﺩﯾﮕﺮ ﻧﯿﺰ ﯾﮑﺴﺎﻥ ﻫﺴﺘﻨﺪ.

] ۶ﺍﻣﺘﯿﺎﺯ[

 .۴ﭘﺎﺩﺷﺎﻩ ﺩﻭ ﻧﺎﺑﻐﻪ ﺭﺍ ﻓﺮﺍﺧﻮﺍﻧﺪ .ﺍﻭ ﺑﻪ ﻧﺎﺑﻐﻪ ﺍﻭﻝ ﺩﺳﺘﻮﺭ ﺩﺍﺩ ﮐﻪ  ۱۰۰ﻋﺪﺩ ﻃﺒﯿﻌﯽ )ﻧﻪ ﻟﺰ ﻭﻣﺎً ﻣﺘﻤﺎﯾﺰ( ﺭﺍ ﺭ ﻭﯼ  ۱۰۰ﮐﺎﺭﺕ ﺑﻨﻮﯾﺴﺪ )ﺭ ﻭﯼ
ﻫﺮ ﮐﺎﺭﺕ ﯾﮏ ﻋﺪﺩ( ،ﺑﺪﻭﻥ ﺍﯾﻨﮑﻪ ﺁﻥﻫﺎ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﻧﺸﺎﻥ ﺩﻫﺪ .ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺎﯾﺪ ﻫﻤﻪ ﺍﯾﻦ ﺍﻋﺪﺍﺩ ﺭﺍ ﺑﻪ ﺩﺭﺳﺘﯽ ﺗﺸﺨﯿﺺ ﺩﻫﺪ
)ﺑﺮﺍﯼ ﻣﺜﺎﻝ ،ﺍﮔﺮ ﺳﻪ ﮐﺎﺭﺕ ﺑﺎ ﻋﺪﺩ  ۵ﻭﺟﻮﺩ ﺩﺍﺷﺘﻪ ﺑﺎﺷﺪ ،ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺎﯾﺪ ﺁﻥ ﺭﺍ ﺗﺸﺨﯿﺺ ﺩﻫﺪ( ﻭ ﺩﺭ ﻏﯿﺮ ﺍﯾﻦﺻﻮﺭﺕ ﻫﺮ ﺩﻭ ﻧﺎﺑﻐﻪ ﺳﺮ
ﺧﻮﺩ ﺭﺍ ﺍﺯ ﺩﺳﺖ ﻣﯽﺩﻫﻨﺪ .ﻧﺎﺑﻐﻪ ﺍﻭﻝ ﺍﺟﺎﺯﻩ ﺩﺍﺭﺩ ﯾﮏ ﻟﯿﺴﺖ ﺍﺯ ﺍﻋﺪﺍﺩ ﻣﺘﻤﺎﯾﺰ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺪﻫﺪ ﺑﻪﻃﻮﺭﯼ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﺍﻋﺪﺍﺩ
ﺍﯾﻦ ﻟﯿﺴﺖ ﺑﺎﯾﺪ ﯾﮑﯽ ﺍﺯ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﯾﺎ ﺟﻤﻊ ﺗﻌﺪﺍﺩﯼ ﺍﺯ ﺍﯾﻦ ﺍﻋﺪﺍﺩ ﺑﺎﺷﺪ .ﺍﻭ ﺍﺟﺎﺯﻩ ﻧﺪﺍﺭﺩ ﮐﻪ ﺑﮕﻮﯾﺪ ﮐﺪﺍﻡ ﻋﺪﺩ ﯾﮑﯽ ﺍﺯ ﺍﻋﺪﺍﺩ
ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﺍﺳﺖ ﻭ ﮐﺪﺍﻡ ﻋﺪﺩ ﻣﺠﻤﻮﻉ ﭼﻨﺪ ﻋﺪﺩ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﺍﺳﺖ .ﻫﻨﮕﺎﻣﯽ ﮐﻪ ﺍﻭ ﺍﻋﺪﺍﺩ ﺭﺍ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﻣﯽﻧﻮﯾﺴﺪ ،ﻣﯽﺩﺍﻧﺪ
ﮐﻪ ﻗﺮﺍﺭ ﺍﺳﺖ ﻟﯿﺴﺘﯽ ﺍﺯ ﺍﻋﺪﺍﺩ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺪﻫﺪ ،ﻭﻟﯽ ﻫﯿﭻ ﺍﺭﺗﺒﺎﻃﯽ ﺑﯿﻦ ﺩﻭ ﻧﺎﺑﻐﻪ ﻭﺟﻮﺩ ﻧﺪﺍﺭﺩ .ﺩﺭ ﻧﻬﺎﯾﺖ ﭘﺎﺩﺷﺎﻩ ﺑﻪ ﺗﻌﺪﺍﺩ ﺍﻋﺪﺍﺩ
ﺩﺭ ﻟﯿﺴﺖ ﺩﺍﺩﻩ ﺷﺪﻩ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ،ﺍﺯ ﺭ ﯾﺶﻫﺎﯼ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﻧﺎﺑﻐﻪﻫﺎ ﻣﯽﮐَﻨَﺪ .ﮐﻤﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﻣﻮﻫﺎﯾﯽ ﮐﻪ ﻫﺮ ﻧﺎﺑﻐﻪ ﺑﺎﯾﺪ ﺍﺯ ﺩﺳﺖ ﺑﺪﻫﺪ
ﺗﺎ ﺯﻧﺪﻩ ﺑﻤﺎﻧﺪ ،ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟

] ۷ﺍﻣﺘﯿﺎﺯ[

 .۵ﭼﻨﺪ ﻧﻘﻄﻪ ﺳﻔﯿﺪ ﻭ ﺳﯿﺎﻩ ﻭﺟﻮﺩ ﺩﺍﺭﺩ .ﻫﺮ ﻧﻘﻄﻪ ﺳﻔﯿﺪ ﺑﻪﻭﺳﯿﻠﻪ ﯾﮏ ﭘﺎﺭﻩﺧﻂ ﺑﻪ ﻫﺮ ﻧﻘﻄﻪ ﺳﯿﺎﻩ ﻭﺻﻞ ﺷﺪﻩ ﺍﺳﺖ .ﺭ ﻭﯼ ﻫﺮ ﭘﺎﺭﻩﺧﻂ
ﯾﮏ ﻋﺪﺩ ﻃﺒﯿﻌﯽ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺑﺮﺍﯼ ﻫﺮ ﻣﺪﺍﺭ ﺑﺴﺘﻪ ،ﺣﺎﺻﻠﻀﺮﺏ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﭘﺎﺭﻩﺧﻂﻫﺎﯾﯽ ﮐﻪ ﺩﺭ ﺟﻬﺖ ﺧﺎﻧﻪ ﺳﻔﯿﺪ ﺑﻪ ﺧﺎﻧﻪ
ﺳﯿﺎﻩ ﻃﯽ ﻣﯽﺷﻮﻧﺪ ،ﺑﺮﺍﺑﺮ ﺍﺳﺖ ﺑﺎ ﺣﺎﺻﻠﻀﺮﺏ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﭘﺎﺭﻩﺧﻂﻫﺎﯾﯽ ﮐﻪ ﺩﺭ ﺟﻬﺖ ﻋﮑﺲ ﻃﯽ ﻣﯽﺷﻮﻧﺪ) .ﯾﻌﻨﯽ ﺩﺭ ﻫﺮ ﻣﺪﺍﺭ ﺑﺴﺘﻪ
ﺣﺎﺻﻠﻀﺮﺏ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﯾﮑﯽ ﺩﺭ ﻣﯿﺎﻥ ،ﺑﺎ ﺣﺎﺻﻠﻀﺮﺏ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﺑﻘﯿﻪ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﻣﺪﺍﺭ ،ﺑﺮﺍﺑﺮ ﺍﺳﺖ (.ﺁﯾﺎ ﻫﻤﻮﺍﺭﻩ
ﻣﯽﺗﻮﺍﻧﯿﻢ ﺭ ﻭﯼ ﻫﺮ ﻧﻘﻄﻪ ﯾﮏ ﻋﺪﺩ ﻃﺒﯿﻌﯽ ﻗﺮﺍﺭ ﺩﻫﯿﻢ ،ﺑﻪﻃﻮﺭﯼ ﮐﻪ ﻋﺪﺩ ﺭ ﻭﯼ ﻫﺮ ﭘﺎﺭﻩﺧﻂ ﺑﺮﺍﺑﺮ ﺣﺎﺻﻠﻀﺮﺏ ﺍﻋﺪﺍﺩ ﺩﻭ ﺳﺮﺵ ﺑﺎﺷﺪ.

] ۷ﺍﻣﺘﯿﺎﺯ[

 .۶ﯾﮏ ﻣﮑﻌﺐ  ۳ × ۳ × ۳ﺍﺯ ﻣﮑﻌﺐﻫﺎﯼ  ۱ × ۱ × ۱ﺗﺸﮑﯿﻞ ﺷﺪﻩ ﺍﺳﺖ .ﺑﯿﺸﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﻣﮑﻌﺐﻫﺎﯼ ﮐﻮﭼﮑﯽ ﮐﻪ ﺑﺘﻮﺍﻥ ﺣﺬﻑ ﮐﺮﺩ
ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﺟﺴﻢ ﺑﺎﻗﯽﻣﺎﻧﺪﻩ ﻭﯾﮋﮔﯽﻫﺎﯼ ﺯﯾﺮ ﺭﺍ ﺩﺍﺷﺘﻪ ﺑﺎﺷﺪ ،ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟
) (۱ﺗﺼﻮﯾﺮ ﺍﯾﻦ ﺟﺴﻢ ﺭ ﻭﯼ ﻫﺮ ﻭﺟﻪ ﻣﮑﻌﺐ ﺍﺻﻠﯽ ،ﯾﮏ ﻣﺮﺑﻊ  ۳ × ۳ﺑﺎﺷﺪ (۲) .ﺟﺴﻢ ﺣﺎﺻﻞ ﻭﺟﻪ-ﻫﻤﺒﻨﺪ ﺑﺎﻗﯽ ﺑﻤﺎﻧﺪ )ﯾﻌﻨﯽ ﺍﺯ
ﻫﺮ ﻣﮑﻌﺐ ﮐﻮﭼﮏ ﺑﺘﻮﺍﻥ ﺑﺎ ﺩﻧﺒﺎﻟﻪﺍﯼ ﺍﺯ ﻣﮑﻌﺐﻫﺎﯼ ﭘﺸﺖ ﺳﺮﻫﻢ ﮐﻪ ﻭﺟﻪ ﻣﺸﺘﺮﮎ ﺩﺍﺭﻧﺪ ،ﺑﻪ ﻫﺮ ﻣﮑﻌﺐ ﺩﯾﮕﺮ ﺭﺳﯿﺪ(.

] ۹ﺍﻣﺘﯿﺎﺯ[

 .۷ﻧﻘﺎﻁ  A۱ , A۲ , . . . , A۱۰ﺑﻪ ﺗﺮﺗﯿﺐ ﺩﺭ ﺟﻬﺖ ﺳﺎﻋﺘﮕﺮﺩ ﺭ ﻭﯼ ﯾﮏ ﺩﺍﯾﺮﻩ ﻣﺸﺨﺺ ﺷﺪﻩﺍﻧﺪ .ﻣﯽﺩﺍﻧﯿﻢ ﮐﻪ ﻣﯽﺗﻮﺍﻥ ﺍﯾﻦ ﻧﻘﺎﻁ ﺭﺍ ﺑﻪ
ﺟﻔﺖ ﻧﻘﻄﻪﻫﺎﯼ ﻣﺘﻘﺎﺭﻥ ﻧﺴﺒﺖ ﺑﻪ ﻣﺮﮐﺰ ﺩﺍﯾﺮﻩ ،ﺗﻘﺴﯿﻢ ﮐﺮﺩ .ﺩﺭ ﺍﺑﺘﺪﺍ ﺭ ﻭﯼ ﻫﺮ ﻧﻘﻄﻪ ﻣﺸﺨﺺ ﺷﺪﻩ ،ﯾﮏ ﻣﻠﺦ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺩﺭ ﻫﺮ ﺩﻗﯿﻘﻪ
ﯾﮑﯽ ﺍﺯ ﻣﻠﺦﻫﺎ ﺩﺭ ﻣﺴﯿﺮ ﺩﺍﯾﺮﻩ ﺍﺯ ﺭ ﻭﯼ ﻣﻠﺦ ﻫﻤﺴﺎﯾﻪﺍﺵ ﻣﯽﭘﺮﺩ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﻓﺎﺻﻠﻪ ﺑﯿﻦ ﺁﻥ ﺩﻭ ﺗﻐﯿﯿﺮ ﻧﮑﻨﺪ .ﺩﺭ ﻣﺴﯿﺮﯼ ﮐﻪ ﯾﮏ
ﻣﻠﺦ ﭘﺮ ﻭﺍﺯ ﻣﯽﮐﻨﺪ ﺑﺎﯾﺪ ﺗﻨﻬﺎ ﯾﮏ ﻣﻠﺦ ﻧﺸﺴﺘﻪ ﺑﺎﺷﺪ ﻭ ﯾﮏ ﻣﻠﺦ ﻧﻤﯽﺗﻮﺍﻧﺪ ﺩﺭ ﺧﺎﻧﻪﺍﯼ ﮐﻪ ﺍﺷﻐﺎﻝ ﺷﺪﻩ ﺍﺳﺖ ،ﺑﻨﺸﯿﻨﺪ .ﻣﯽﺩﺍﻧﯿﻢ ﮐﻪ ﺩﺭ
ﻟﺤﻈﻪﺍﯼ ۹ ،ﻣﻠﺦ ﺩﺭ ﻧﻘﺎﻁ  A۱ , A۲ , . . . , A۹ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ ﻭ ﻣﻠﺦ ﺩﻫﻢ ﺭ ﻭﯼ ﮐﻤﺎﻥ  A۹ A۱۰ A۱ﺍﺳﺖ .ﺁﯾﺎ ﻟﺰ ﻭﻣﺎً ﺍﯾﻦ ﺩﺭﺳﺖ ﺍﺳﺖ ﮐﻪ
ﻣﻠﺦ ﺩﻫﻢ ﺩﻗﯿﻘﺎً ﺩﺭ ﻧﻘﻄﻪ  A۱۰ﻗﺮﺍﺭ ﺩﺍﺭﺩ؟

] ۹ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۱ ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ
۱۳۹۲ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores.)
points

problems
1.

During Christmas party Santa handed out to the children 47 chocolates and 74 marmalades. Each
girl got 1 more chocolate than each boy but each boy got 1 more marmalade than each girl. What
was the number of the children?

2.

Peter marks several cells on a 5 × 5 board. Basil wins if he can cover all marked cells with three-cell
corners. The corners must be inside the board and not overlap. What is the least number of cells
Peter should mark to prevent Basil from winning? (Cells of the corners must coincide with the
cells of the board).

3.

A square table is covered with a square cloth (may be of a diﬀerent size) without folds and wrinkles.
All corners of the table are left uncovered and all four hanging parts are triangular. Given that
two adjacent hanging parts are equal prove that two other parts are also equal.

4.

The King called two wizards. He ordered First Wizard to write down 100 positive integers (not
necessarily distinct) on 100 cards (one number on each card) without revealing them to Second
Wizard. The second wizard must surely determine all the numbers on the cards (for instance, if
there are three cards with the number 5, the second wizard must determine this), otherwise both
wizards will lose their heads. First Wizard is allowed to provide Second Wizard with a list of
distinct numbers, each of which is either one of the numbers on the cards or a sum of some of these
numbers. He is not allowed to tell which numbers are on the cards and which numbers are their
sums. When the ﬁrst wizard writes the numbers on the cards, he already knows that then he will
give the list of numbers for the second wizards. But there is no contact between wizards. Finally
the King tears as many hairs from each wizard’s beard as the number of integers in the list given
to Second Wizard. What is the minimal number of hairs each wizard should lose to stay alive?

5.

There are several white and black points. Every white point is connected with every black point
by a segment. Each segment is equipped with a positive integer. For any closed circuit the product
of the numbers on the segments passed in the direction from white to black point is equal to the
product of the numbers on the segments passed in the opposite direction. Can one always place the
positive integer at each point so that the number on each segment is the product of the numbers
at its ends?

6.

A 3 × 3 × 3 cube is made of 1 × 1 × 1 cubes. What is the maximal number of small cubes one can
remove so the remaining solid has the following features:
1) Projection of this solid on each face of the original cube is a 3 × 3 square;
2) The resulting solid remains face-connected (from each small cube one can reach any other small
cube along a chain of consecutive cubes with common faces).

7.

Points A1 , A2 , …, A10 are marked on a circle clockwise. It is known that these points can be divided
into pairs of points symmetric with respect to the centre of the circle. Initially at each marked
point there was a grasshopper. Every minute one of the grasshoppers jumps over its neighbour
along the circle so that the resulting distance between them doesn’t change. It is not allowed to
jump over any other grasshopper and to land at a point already occupied. It occurred that at some
moment nine grasshoppers were found at points A1 , A2 , …, A9 and the tenth grasshopper was on
arc A9 A10 A1 . Is it necessarily true that this grasshopper was exactly at point A10 ?
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)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(.
 .۱ﺩﻧﺎ ﭼﻨﺪ ﺗﺎ ﻋﺪﺩ  ۱ﻧﻮﺷﺖ ﻭ ﺑﯿﻦ ﻫﺮ ﺩﻭ ﺗﺎ ﺍﺯ ﺁﻥﻫﺎ ﻋﻼﻣﺖ  +ﯾﺎ × ﻗﺮﺍﺭ ﺩﺍﺩ .ﺳﭙﺲ ﭼﻨﺪ ﭘﺮﺍﻧﺘﺰ ﺑﯿﻦ ﺁﻥﻫﺎ ﮔﺬﺍﺷﺖ ﻭ ﺣﺎﺻﻞ ﺭﺍ ﺑﺮﺍﺑﺮ
 ۲۰۱۴ﺑﺪﺳﺖ ﺁﻭﺭﺩ .ﺩﻭﺳﺘﺶ ﺩﻧﯿﺰ ﺑﻪ ﺟﺎﯼ ﻫﻤﻪ +ﻫﺎ × ،ﻭ ﺑﻪ ﺟﺎﯼ ﻫﻤﻪ ×ﻫﺎ + ،ﻗﺮﺍﺭ ﺩﺍﺩ ﻭ ﺍﻭ ﻧﯿﺰ ﺣﺎﺻﻞ ﺭﺍ  ۲۰۱۴ﺑﺪﺳﺖ
] ۳ﺍﻣﺘﯿﺎﺯ[

ﺁﻭﺭﺩ .ﺁﯾﺎ ﺍﯾﻦ ﺍﺗﻔﺎﻕ ﻣﯽﺗﻮﺍﻧﺪ ﺩﺭﺳﺖ ﺑﺎﺷﺪ؟
 .۲ﺁﯾﺎ ﺍﯾﻦ ﺟﻤﻠﻪ ﺩﺭﺳﺖ ﺍﺳﺖ ﮐﻪ ﻫﺮ ﭼﻨﺪﺿﻠﻌﯽ ﻣﺤﺪﺏ ﺑﻪﻭﺳﯿﻠﻪ ﯾﮏ ﺧﻂ ﺭﺍﺳﺖ ﻗﺎﺑﻞ ﺗﻘﺴﯿﻢ ﺑﻪ ﺩﻭ ﭼﻨﺪﺿﻠﻌﯽ ﺑﺎ ﻣﺤﯿﻂ ﺑﺮﺍﺑﺮ ﺍﺳﺖ
ﮐﻪ
ﺍﻟﻒ( ﻃﻮﻝ ﺑﺰ ﺭﮔﺘﺮ ﯾﻦ ﺿﻠﻌﺸﺎﻥ ﺑﺮﺍﺑﺮ ﺑﺎﺷﺪ.

] ۴ﺍﻣﺘﯿﺎﺯ[

ﺏ( ﻃﻮﻝ ﮐﻮﭼﮑﺘﺮ ﯾﻦ ﺿﻠﻌﺸﺎﻥ ﺑﺮﺍﺑﺮ ﺑﺎﺷﺪ.

] ۴ﺍﻣﺘﯿﺎﺯ[

 .۳ﭘﺎﺩﺷﺎﻩ ﺩﻭ ﻧﺎﺑﻐﻪ ﺭﺍ ﻓﺮﺍﺧﻮﺍﻧﺪ .ﺍﻭ ﺑﻪ ﻧﺎﺑﻐﻪ ﺍﻭﻝ ﺩﺳﺘﻮﺭ ﺩﺍﺩ ﮐﻪ  ۱۰۰ﻋﺪﺩ ﺣﻘﯿﻘﯽ ﻣﺜﺒﺖ )ﻧﻪ ﻟﺰ ﻭﻣﺎً ﻣﺘﻤﺎﯾﺰ( ﺭﺍ ﺭ ﻭﯼ  ۱۰۰ﮐﺎﺭﺕ ﺑﻨﻮﯾﺴﺪ
)ﺭ ﻭﯼ ﻫﺮ ﮐﺎﺭﺕ ﯾﮏ ﻋﺪﺩ( ،ﺑﺪﻭﻥ ﺍﯾﻨﮑﻪ ﺁﻥﻫﺎ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﻧﺸﺎﻥ ﺩﻫﺪ .ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺎﯾﺪ ﻫﻤﻪ ﺍﯾﻦ ﺍﻋﺪﺍﺩ ﺭﺍ ﺑﻪ ﺩﺭﺳﺘﯽ ﺗﺸﺨﯿﺺ
ﺩﻫﺪ )ﺑﺮﺍﯼ ﻣﺜﺎﻝ ،ﺍﮔﺮ ﺳﻪ ﮐﺎﺭﺕ ﺑﺎ ﻋﺪﺩ  ۵ﻭﺟﻮﺩ ﺩﺍﺷﺘﻪ ﺑﺎﺷﺪ ،ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺎﯾﺪ ﺁﻥ ﺭﺍ ﺗﺸﺨﯿﺺ ﺩﻫﺪ( ﻭ ﺩﺭ ﻏﯿﺮ ﺍﯾﻦﺻﻮﺭﺕ ﻫﺮ ﺩﻭ
ﻧﺎﺑﻐﻪ ﺳﺮ ﺧﻮﺩ ﺭﺍ ﺍﺯ ﺩﺳﺖ ﻣﯽﺩﻫﻨﺪ .ﻧﺎﺑﻐﻪ ﺍﻭﻝ ﺍﺟﺎﺯﻩ ﺩﺍﺭﺩ ﯾﮏ ﻟﯿﺴﺖ ﺍﺯ ﺍﻋﺪﺍﺩ ﻣﺘﻤﺎﯾﺰ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺪﻫﺪ ﺑﻪﻃﻮﺭﯼ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ
ﺍﻋﺪﺍﺩ ﺍﯾﻦ ﻟﯿﺴﺖ ﺑﺎﯾﺪ ﯾﮑﯽ ﺍﺯ ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﯾﺎ ﺟﻤﻊ ﺗﻌﺪﺍﺩﯼ ﺍﺯ ﺍﯾﻦ ﺍﻋﺪﺍﺩ ﺑﺎﺷﺪ .ﺍﻭ ﺍﺟﺎﺯﻩ ﻧﺪﺍﺭﺩ ﮐﻪ ﺑﮕﻮﯾﺪ ﮐﺪﺍﻡ ﻋﺪﺩ ﯾﮑﯽ ﺍﺯ
ﺍﻋﺪﺍﺩ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﺍﺳﺖ ﻭ ﮐﺪﺍﻡ ﻋﺪﺩ ﻣﺠﻤﻮﻉ ﭼﻨﺪ ﻋﺪﺩ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﺍﺳﺖ .ﻫﻨﮕﺎﻣﯽ ﮐﻪ ﺍﻭ ﺍﻋﺪﺍﺩ ﺭﺍ ﺭ ﻭﯼ ﮐﺎﺭﺕﻫﺎ ﻣﯽﻧﻮﯾﺴﺪ،
ﻣﯽﺩﺍﻧﺪ ﮐﻪ ﻗﺮﺍﺭ ﺍﺳﺖ ﻟﯿﺴﺘﯽ ﺍﺯ ﺍﻋﺪﺍﺩ ﺭﺍ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ﺑﺪﻫﺪ ،ﻭﻟﯽ ﻫﯿﭻ ﺍﺭﺗﺒﺎﻃﯽ ﺑﯿﻦ ﺩﻭ ﻧﺎﺑﻐﻪ ﻭﺟﻮﺩ ﻧﺪﺍﺭﺩ .ﺩﺭ ﻧﻬﺎﯾﺖ ﭘﺎﺩﺷﺎﻩ ﺑﻪ
ﺗﻌﺪﺍﺩ ﺍﻋﺪﺍﺩ ﺩﺭ ﻟﯿﺴﺖ ﺩﺍﺩﻩ ﺷﺪﻩ ﺑﻪ ﻧﺎﺑﻐﻪ ﺩﻭﻡ ،ﺍﺯ ﺭ ﯾﺶﻫﺎﯼ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﻧﺎﺑﻐﻪﻫﺎ ﻣﯽﮐَﻨَﺪ .ﮐﻤﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﻣﻮﻫﺎﯾﯽ ﮐﻪ ﻫﺮ ﻧﺎﺑﻐﻪ ﺑﺎﯾﺪ ﺍﺯ
] ۶ﺍﻣﺘﯿﺎﺯ[

ﺩﺳﺖ ﺑﺪﻫﺪ ﺗﺎ ﺯﻧﺪﻩ ﺑﻤﺎﻧﺪ ،ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟
 .۴ﺩﺭ ﺻﻔﺤﻪ ﻫﻤﻪ ﻧﻘﺎﻁ ﺑﺎ ﻣﺨﺘﺼﺎﺕ ﺻﺤﯿﺢ ) ،۰ ≤ y ≤ ۱۰ ،(x, yﻋﻼﻣﺖ ﺯﺩﻩ ﺷﺪﻩﺍﻧﺪ .ﯾﮏ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺍﺯ ﺩﺭﺟﻪ  ۲۰ﺑﺎ ﺿﺮﺍﯾﺐ
ﺻﺤﯿﺢ ﺩﺭ ﻧﻈﺮ ﺑﮕﯿﺮ ﯾﺪ .ﺣﺪﺍﮐﺜﺮ ﺗﻌﺪﺍﺩ ﻧﻘﺎﻁ ﻋﻼﻣﺖﺩﺍﺭ ﮐﻪ ﻣﯽﺗﻮﺍﻧﻨﺪ ﺭ ﻭﯼ ﻧﻤﻮﺩﺍﺭ ﺍﯾﻦ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﻗﺮﺍﺭ ﮔﯿﺮﻧﺪ ،ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟

] ۷ﺍﻣﺘﯿﺎﺯ[

 .۵ﯾﮏ ﻣﺜﻠﺚ ﻏﯿﺮ ﻣﺘﺴﺎﻭﯼ ﺍﻟﺴﺎﻗﯿﻦ ﻭﺟﻮﺩ ﺩﺍﺭﺩ .ﭘﻮﯾﺎ ﻭ ﺑﻬﺮﺍﻡ ﺑﺎﺯﯼ ﺯﯾﺮ ﺭﺍ ﺍﻧﺠﺎﻡ ﻣﯽﺩﻫﻨﺪ .ﭘﻮﯾﺎ ﺩﺭ ﻧﻮﺑﺘﺶ ﯾﮏ ﻧﻘﻄﻪ ﺩﺭ ﺻﻔﺤﻪ
ﺍﻧﺘﺨﺎﺏ ﻣﯽﮐﻨﺪ .ﺑﻬﺮﺍﻡ ﺩﺭ ﺟﻮﺍﺏ ،ﺁﻥ ﻧﻘﻄﻪ ﺭﺍ ﺑﺎ ﺁﺑﯽ ﯾﺎ ﻗﺮﻣﺰ ﺭﻧﮓ ﻣﯽﮐﻨﺪ .ﭘﻮﯾﺎ ﺑﺮﻧﺪﻩ ﻣﯽﺷﻮﺩ ،ﺍﮔﺮ ﻫﻤﻪ ﺭﺋﻮﺱ ﻣﺜﻠﺜﯽ ﻣﺘﺸﺎﺑﻪ ﺑﺎ
ﻣﺜﻠﺚ ﺍﻭﻟﯿﻪ ﻫﻤﺮﻧﮓ ﺑﺎﺷﻨﺪ .ﮐﻤﺘﺮ ﯾﻦ ﺗﻌﺪﺍﺩ ﺣﺮﮐﺎﺗﯽ ﮐﻪ ﭘﻮﯾﺎ ﺑﺎﯾﺪ ﺍﻧﺠﺎﻡ ﺩﻫﺪ ﺗﺎ ﺑﺪﻭﻥ ﺩﺭ ﻧﻈﺮ ﮔﺮﻓﺘﻦ ﻧﺤﻮﻩ ﺑﺎﺯﯼ ﺑﻬﺮﺍﻡ ،ﺑﺮﻧﺪﻩ ﺷﻮﺩ
] ۸ﺍﻣﺘﯿﺎﺯ[

ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ )ﻣﺴﺘﻘﻞ ﺍﺯ ﺷﮑﻞ ﻣﺜﻠﺚ ﺩﺍﺩﻩ ﺷﺪﻩ(؟
 .۶ﺩﺭ ﯾﮏ ﮐﺸﻮﺭ ﻫﺮ ﺷﻬﺮ ﯾﮏ ﺷﻤﺎﺭﻩ ﯾﮑﺘﺎ ﺩﺍﺭﺩ .ﺩﺭ ﯾﮏ ﮐﺘﺎﺏ ﺭﺍﻫﻨﻤﺎﯼ ﭘﺮ ﻭﺍﺯ ،ﺑﺮﺍﯼ ﻫﺮ ﺩﻭ ﺷﻬﺮ ﯾﮏ ﻧﺸﺎﻧﻪ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﮐﻪ ﻣﺸﺨﺺ
ﻣﯽﮐﻨﺪ ﺑﯿﻦ ﺍﯾﻦ ﺩﻭ ﺷﻬﺮ ﭘﺮ ﻭﺍﺯ ﻣﺴﺘﻘﯿﻢ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﯾﺎ ﻧﻪ .ﻣﯽﺩﺍﻧﯿﻢ ﮐﻪ ﺑﺮﺍﯼ ﻫﺮ ﺩﻭ ﻋﺪﺩ ﻧﺴﺒﺖ ﺩﺍﺩﻩ ﺷﺪﻩ  Mﻭ  ،Nﻣﯽﺗﻮﺍﻥ
ﺷﻤﺎﺭﻩﮔﺬﺍﺭﯼ ﺷﻬﺮﻫﺎ ﺭﺍ ﺑﻪﮔﻮﻧﻪﺍﯼ ﺗﻐﯿﯿﺮ ﺩﺍﺩ ﮐﻪ ﺷﻬﺮ ﺑﺎ ﺷﻤﺎﺭﻩ  ،Mﺷﻤﺎﺭﻩ  Nﺭﺍ ﺑﮕﯿﺮﺩ ،ﺍﻣﺎ ﮐﺘﺎﺏ ﺭﺍﻫﻨﻤﺎ ﻫﻢﭼﻨﺎﻥ ﺩﺭﺳﺖ ﺑﺎﺷﺪ.
ﺁﯾﺎ ﺍﯾﻦ ﻫﻤﻮﺍﺭﻩ ﺩﺭﺳﺖ ﺍﺳﺖ ﮐﻪ ﺑﺮﺍﯼ ﻫﺮ ﺩﻭ ﻋﺪﺩ ﻧﺴﺒﺖ ﺩﺍﺩﻩ ﺷﺪﻩ  Mﻭ  Nﻣﯽﺗﻮﺍﻥ ﺷﻤﺎﺭﻩﮔﺬﺍﺭﯼ ﺷﻬﺮﻫﺎ ﺭﺍ ﺑﻪﮔﻮﻧﻪﺍﯼ ﺗﻐﯿﯿﺮ ﺩﺍﺩ ﮐﻪ
ﺷﻤﺎﺭﻩ ﺷﻬﺮﻫﺎﯼ ﺑﺎ ﺷﻤﺎﺭﻩﻫﺎﯼ  M, Nﺟﺎﺑﻪﺟﺎ ﺷﻮﺩ ،ﺍﻣﺎ ﮐﺘﺎﺏ ﺭﺍﻫﻨﻤﺎ ﻫﻤﭽﻨﺎﻥ ﺩﺭﺳﺖ ﺑﺎﺷﺪ؟

] ۹ﺍﻣﺘﯿﺎﺯ[

 .۷ﯾﮏ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ) P (xﺩﺭ ﻧﻈﺮ ﺑﮕﯿﺮ ﯾﺪ ﺑﻪﻃﻮﺭﯼ ﮐﻪ
(P (x))۲ = ۱ + x + x۱۰۰ Q(x),

;P (۰) = ۱

ﮐﻪ  Qﻧﯿﺰ ﯾﮏ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺩﺭ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ  ،(P (x) + ۱)۱۰۰ﺿﺮ ﯾﺐ  x۹۹ﺑﺮﺍﺑﺮ ﺻﻔﺮ ﺍﺳﺖ.

] ۱۰ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۱ ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ
۱۳۹۲ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores, the scores for the individual parts of a
single problem are summed.)
points problems
1.

Doono wrote several 1s, placed signs “+” or “×” between every two of them, put several brackets
and got 2014 in the result. His friend Dunno replaced all “+” by “×” and all “×” by “+” and also
got 2014. Can this be true?

2.

Is it true that any convex polygon can be dissected by a straight line into two polygons with equal
perimeters and
equal greatest sides?
equal smallest sides?

3

4
4

a)
b)
3.

The King called two wizards. He ordered First Wizard to write down 100 positive real numbers
(not necessarily distinct) on 100 cards (one number on each card) without revealing them to Second
Wizard. The second wizard must surely determine all the numbers on the cards (for instance, if
there are three cards with the number 5, the second wizard must determine this), otherwise both
wizards will lose their heads. First Wizard is allowed to provide Second Wizard with a list of
distinct numbers, each of which is either one of the numbers on the cards or a sum of some of
these numbers. He is not allowed to tell which numbers are on the cards and which numbers are
their sums. When the ﬁrst wizard writes the numbers on the cards, he already knows that then
he will give the list of numbers for the second wizards. But there is no contact between wizards.
Finally the King tears as many hairs from each wizard’s beard as the number of real numbers in
the list given to Second Wizard. What is the minimal number of hairs each wizard should lose to
stay alive?

4.

In the plane are marked all points with integer coordinates (x, y), 0 ≤ y ≤ 10. Consider a
polynomial of degree 20 with integer coeﬃcients. Find the maximal possible number of marked
points which can lie on its graph.

5.

There is a non-isosceles triangle. Peter and Basil play the following game. On each his turn Peter
chooses a point in the plane. Basil responds by painting it into red or blue. Peter wins if some
triangle similar to the original one has all vertices of the same colour. Find the minimal number
of moves Peter needs to win no matter how Basil would play (independently of the shape of the
given triangle)?

6.

In some country every town has a unique number. In a ﬂight directory for any two towns there is
an indication whether or not they are connected by a direct non-stop ﬂight. It is known that for
any two assigned numbers M and N one can change the numeration of towns so that the town
with number M gets the number N but the directory remains correct.
Is it always true that for any two assigned numbers M and N one can change the numeration of
towns so that the towns with numbers M and N interchange their numbers but the directory is
still correct?

7.

Consider a polynomial P (x) such that

6

7

8

9

10

P (0) = 1;

(P (x))2 = 1 + x + x100 Q(x), where Q(x) is also a polynomial.

Prove that in the polynomial (P (x) + 1)100 the coeﬃcient at x99 is zero.

