ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﻱ (۲
ﺍﺳﻔﻨﺪ ۱۳۹۰

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﻫﺮ ﺭﺃﺱ ﻳﮏ ﭼﻨﺪﻭﺟﻬﻲ ﻣﺤﺪﺏ ﺩﻗﻴﻘﹰﺎ ﺳﻪ ﻳﺎﻝ ﺩﺍﺭﺩ ،ﻭ ﺣﺪﺍﻗﻞ ﺩﻭ ﺗﺎ ﺍﺯ ﺁﻥﻫﺎ ﺑﺎ ﻫﻢ ﻣﺴﺎﻭﻱ ﻫﺴﺘﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ
ﺍﻳﻦ ﭼﻨﺪﻭﺟﻬﻲ ﺣﺪﺍﻗﻞ ﺳﻪ ﻳﺎﻝ ﻣﺴﺎﻭﻱ ﺩﺍﺭﺩ ۴] .ﺍﻣﺘﻴﺎﺯ[
 (۲ﺭﻭﻱ ﻧﻮﺍﺭﻱ ﺑﺎ  ۲nﺧﺎﻧﻪ ﺍﻋﺪﺍﺩﻱ ﻣﻄﺎﺑﻖ ﺷﮑﻞ ﺯﻳﺮ ﻧﻮﺷﺘﻪ ﺷﺪﻩﺍﻧﺪ:
۱ ۲ ۳    -   -۲ -۱

ﻣﻬﺮﻩﺍﻱ ﺭﻭﻱ ﺍﻳﻦ ﻧﻮﺍﺭ ﺣﺮﮐﺖ ﻣﻲﮐﻨﺪ .ﺩﺭ ﻫﺮ ﺑﺎﺭ ،ﻣﻬﺮﻩ ﺑﻪ ﺍﻧﺪﺍﺯﻩ ﻋﺪﺩ ﺧﺎﻧﻪﺍﻱ ﮐﻪ ﺩﺭ ﺁﻥ ﺍﺳﺖ ﺟﺎﺑﻪﺟﺎ ﻣﻲﺷﻮﺩ
)ﺍﮔﺮ ﻋﺪﺩ ﻣﺜﺒﺖ ﺍﺳﺖ ﺑﻪ ﺳﻤﺖ ﺭﺍﺳﺖ ،ﻭ ﺍﮔﺮ ﻣﻨﻔﻲ ﺍﺳﺖ ﺑﻪ ﺳﻤﺖ ﭼﭗ( .ﻣﻲﺩﺍﻧﻴﻢ ﺑﺎ ﺷﺮﻭﻉ ﺍﺯ ﻫﺮ ﺧﺎﻧﻪ ،ﻣﻬﺮﻩ ﺍﺯ
ﻫﻤﻪ ﺧﺎﻧﻪﻫﺎﻱ ﻧﻮﺍﺭ ﻋﺒﻮﺭ ﻣﻲﮐﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻋﺪﺩ  ۲n+۱ﺍﻭﻝ ﺍﺳﺖ ۴] .ﺍﻣﺘﻴﺎﺯ[
 (۳ﻧﻘﺎﻁ ﺑﺮﺧﻮﺭﺩ ﻧﻤﻮﺩﺍﺭﻫﺎﻱ  y=cos xﻭ ) x=۱۰۰ cos(۱۰۰yﮐﻪ ﻫﺮ ﺩﻭ ﻣﺆﻟﻔﻪ ﺁﻥﻫﺎ ﺍﻋﺪﺍﺩﻱ ﻣﺜﺒﺖ ﻫﺴﺘﻨﺪ،
ﻣﺸﺨﺺ ﺷﺪﻩﺍﻧﺪ .ﻓﺮﺽ ﮐﻨﻴﺪ  aﻣﺠﻤﻮﻉ ﻫﻤﻪ ﻣﺆﻟﻔﻪﻫﺎﻱ  ،Xﻭ  bﻣﺠﻤﻮﻉ ﻫﻤﻪ ﻣﺆﻟﻔﻪﻫﺎﻱ  Yﺍﻳﻦ ﻧﻘﺎﻁ ﺑﺎﺷﺪ .ﻣﻘﺪﺍﺭ
 a/bﺭﺍ ﺑﻴﺎﺑﻴﺪ ۵] .ﺍﻣﺘﻴﺎﺯ[
 (۴ﭼﻬﺎﺭﺿﻠﻌﻲ  ABCDﮐﻪ ﻫﻴﭻ ﺩﻭ ﺿﻠﻌﻲ ﺍﺯ ﺁﻥ ﺑﺎ ﻫﻢ ﻣﻮﺍﺯﻱ ﻧﻴﺴﺘﻨﺪ ﺩﺭ ﺩﺍﻳﺮﻩﺍﻱ ﻣﺤﺎﻁ ﺷﺪﻩ ﺍﺳﺖ .ﺩﻭ ﺩﺍﻳﺮﻩ ﮐﻪ
ﻳﮑﻲ ﺍﺯ ﺁﻥﻫﺎ ﺷﺎﻣﻞ ﻭﺗﺮ  ABﻭ ﺩﻳﮕﺮﻱ ﺷﺎﻣﻞ ﻭﺗﺮ  CDﺍﺳﺖ ،ﺩﺭ ﻧﻘﻄﻪ  Xﺑﺮ ﻫﻢ ﻣﻤﺎﺱ ﻫﺴﺘﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻫﻤﻪ
ﺍﻳﻦﮔﻮﻧﻪ ﻧﻘﺎﻁ )ﻣﺜﻞ  (Xﺑﺮ ﻳﮏ ﺩﺍﻳﺮﻩ ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ ۵] .ﺍﻣﺘﻴﺎﺯ[
 (۵ﻳﮏ ﺭﺥ ﺳﻔﻴﺪ ﺩﺭ ﺧﺎﻧﻪ  b۲ﻭ ﻳﮏ ﺭﺥ ﺳﻴﺎﻩ ﺩﺭ ﺧﺎﻧﻪ  c۴ﺻﻔﺤﻪ ﺷﻄﺮﻧﺠﻲ  ۸۸ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ .ﻫﺮ ﻳﮏ ﺍﺯ ﺩﻭ
ﺑﺎﺯﻳﮑﻦ ﺑﻪ ﻧﻮﺑﺖ ﺭﺥ ﺧﻮﺩ ﺭﺍ ﺣﺮﮐﺖ ﻣﻲﺩﻫﻨﺪ )ﺣﺮﮐﺖ ﺍﻭﻝ ﺑﺎ ﺭﺥ ﺳﻔﻴﺪ ﺍﺳﺖ( .ﺑﺎﺯﻳﮑﻦﻫﺎ ﻣﺠﺎﺯ ﻧﻴﺴﺘﻨﺪ ﮐﻪ ﺭﺥ
ﻼ ﺩﺭ ﺁﻥ ﻗﺮﺍﺭ ﺩﺍﺷﺘﻪﺍﻧﺪ.
ﺧﻮﺩ ﺭﺍ ﺩﺭ ﺧﺎﻧﻪﺍﻱ ﻗﺮﺍﺭ ﺩﻫﻨﺪ ﮐﻪ ﺗﻮﺳﻂ ﺭﺥ ﺩﻳﮕﺮ ﺗﻬﺪﻳﺪ ﻣﻲﺷﻮﺩ ﻳﺎ ﻫﺮ ﻳﮏ ﺍﺯ ﺩﻭ ﺭﺥ ﻗﺒ ﹰ
ﺑﺎﺯﻳﮑﻨﻲ ﮐﻪ ﻧﺘﻮﺍﻧﺪ ﺣﺮﮐﺖ ﮐﻨﺪ ﺑﺎﺯﻧﺪﻩ ﺍﺳﺖ .ﮐﺪﺍﻡ ﺑﺎﺯﻳﮑﻦ ﺍﺳﺘﺮﺍﺗﮋﻱ ﺑﺮﺩ ﺩﺍﺭﺩ )ﺑﺮﺍﻱ ﻫﺮ ﺭﻭﺵ ﺑﺎﺯﻱ ﺣﺮﻳﻒ(؟
)ﺭﺥ ﺑﻪ ﻫﺮ ﺗﻌﺪﺍﺩ ﺧﺎﻧﻪ ﺩﺭ ﺍﻣﺘﺪﺍﺩ ﺧﻄﻲ ﺍﻓﻘﻲ ﻭ ﻳﺎ ﻋﻤﻮﺩﻱ ﻣﻲﺗﻮﺍﻧﺪ ﺟﺎﺑﻪﺟﺎ ﺷﻮﺩ .ﻓﻘﻂ ﺧﺎﻧﻪ ﺍﺑﺘﺪﺍ ﻭ ﺍﻧﺘﻬﺎﻱ ﻫﺮ
ﺣﺮﮐﺖ ﺑﻪ ﻋﻨﻮﺍﻥ ﺧﺎﻧﻪﺍﻱ ﮐﻪ ﻗﺒﻼ ﺭﺥ ﺩﺭ ﺁﻥ ﻗﺮﺍﺭ ﺩﺍﺷﺘﻪ ﺩﺭ ﻧﻈﺮ ﮔﺮﻓﺘﻪ ﻣﻲﺷﻮﺩ( ۵] .ﺍﻣﺘﻴﺎﺯ[

ﺷﻤﺎﺭﻩ ﮔﺮﻭﻩ:

ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ

International Mathematics
Tournament of Towns
Senior O level paper
Spring 2012

ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ

International Mathematics
Tournament of Towns
Senior O level paper
Spring 2012

(۲ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﻱ
۱۳۹۰ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores)

points
4

problems
1.

Each vertex of a convex polyhedron emits exactly three edges, and at least two of
them are equal. Prove that the polyhedron has at least three equal edges.

2.

Numbers are written in the cells of -stripe as shown
          
A chip moves along the stripe: each time it moves by the number of cells indicated
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in the current cell (to the right if the number is positive, and to the left if it is
negative). It is known that from any initial position the chip passes through all cells
of the stripe. Prove that the integer 
3.

Points of intersection of the graphs

 is prime.
  and 

   that have

both coordinates positive are marked. Let  be the sum of the -coordinates and 
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be the sum of the -coordinates of these points. Find .
4.
5

A quadrilateral  with no parallel sides is inscribed into a circle. Let  be a
point of tangency of two mutually touching circles, one with chord  and another
with chord . Prove that all such points  belong to the same circle.

5.

A white rook is placed on the square , and a black rook is placed on the square
 of a 88-chessboard. Each of two players in turns, moves his own rook (the first
move is made by the white rook). The players are not allowed to move their rook
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to a square which is attacked by another rook or has been visited before by any
rook. The player who cannot move looses the game. Which of the players has the
winning strategy (for any moves of the other player)?
(A rook moves on any number of squares along a horizontal or a vertical line. Only
initial and final squares of each move are regarded as visited).

