ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۹۰
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)ﻟﻄﻔﹰﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﺗﻌﺪﺍﺩ ﮔﻼﺑﻲ )ﺯﻭﺝ( ﺑﻪ ﻃﻮﺭﻱ ﺩﺭ ﻳﮏ ﺭﺩﻳﻒ ﻗﺮﺍﺭ ﺩﺍﺩﻩ ﺷﺪﻩﺍﻧﺪ ﮐﻪ ﺍﺧﺘﻼﻑ ﺟﺮﻡ ﻫﺮ ﺩﻭ ﮔﻼﺑﻲ ﻣﺠﺎﻭﺭ ﺍﺯ ﻳﮏ ﮔﺮﻡ ﺑﻴﺶﺗﺮ
ﻧﻴﺴﺖ .ﻧﺸﺎﻥ ﺩﻫﻴﺪ ﮐﻪ ﻫﻤﻮﺍﺭﻩ ﻣﻲﺗﻮﺍﻥ ﮔﻼﺑﻲﻫﺎ ﺭﺍ ﺩﺭ ﺑﺴﺘﻪﻫﺎﻱ ﺩﻭﺗﺎﻳﻲ ﮔﻼﺑﻲ ﻗﺮﺍﺭ ﺩﺍﺩ ،ﻭ ﺑﺴﺘﻪﻫﺎ ﺭﺍ ﻃﻮﺭﻱ ﺩﺭ ﻳﮏ ﺭﺩﻳﻒ ﭼﻴﺪ،
ﮐﻪ ﺍﺧﺘﻼﻑ ﺟﺮﻡ ﻫﺮ ﺩﻭ ﺑﺴﺘﻪ ﻣﺠﺎﻭﺭ ﺍﺯ ﻳﮏ ﮔﺮﻡ ﺑﻴﺶﺗﺮ ﻧﺒﺎﺷﺪ ۴] .ﺍﻣﺘﻴﺎﺯ[
 ۱۰۰ (۲ﻧﻘﻄﻪ ﺩﺭ ﺻﻔﺤﻪ ﻣﺸﺨﺺ ﺷﺪﻩﺍﻧﺪ ﮐﻪ ﻫﻴﭻ ﺳﻪ ﺗﺎﻳﻲ ﺍﺯ ﺁﻥﻫﺎ ﺭﻭﻱ ﻳﮏ ﺧﻂ ﻧﻴﺴﺘﻨﺪ .ﺁﻳﺎ ﻫﻤﻮﺍﺭﻩ ﻣﻲﺗﻮﺍﻥ ﮐﻪ ﺍﻳﻦ ﻧﻘﻄﻪﻫﺎ ﺭﺍ ﺑﻪ
ﺟﻔﺖﻫﺎﻳﻲ ﭼﻨﺎﻥ ﺗﻘﺴﻴﻢ ﮐﺮﺩ ،ﻭ ﻧﻘﺎﻁ ﻫﺮ ﺟﻔﺖ ﺭﺍ ﺑﺎ ﻳﮏ ﭘﺎﺭﻩﺧﻂ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ ﻧﻤﻮﺩ ،ﮐﻪ ﻫﻤﻪ ﭘﺎﺭﻩﺧﻂﻫﺎ ﺩﻭ ﺑﻪ ﺩﻭ ﺑﺎ ﻳﮑﺪﻳﮕﺮ
ﺑﺮﺧﻮﺭﺩ ﮐﻨﻨﺪ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۳ﺩﺭ ﺗﻴﻤﻲ ﺍﺯ ﻧﮕﻬﺒﺎﻥﻫﺎ ،ﻫﺮ ﻧﮕﻬﺒﺎﻥ ﺭﺗﺒﻪﺍﻱ ﻣﺸﺨﺺ ﺩﺍﺭﺩ )ﮐﻪ ﻋﺪﺩﻱ ﺍﺳﺖ ﻃﺒﻴﻌﻲ( .ﻧﮕﻬﺒﺎﻧﻲ ﺑﺎ ﺭﺗﺒﻪ  ﺑﻪ ﻣﺪﺕ  ﺭﻭﺯ ﻣﻮﻇﻒ ﺑﻪ
ﺧﺪﻣﺖ ﺑﻮﺩﻩ ،ﻭ ﺳﭙﺲ ﺑﻪ ﻣﺪﺕ  ﺭﻭﺯ ﺑﻪ ﻣﺮﺧﺼﻲ ﻣﻲﺭﻭﺩ ،ﻭ ﺩﻭﺑﺎﺭﻩ ﺑﻪ ﻣﺪﺕ  ﺭﻭﺯ ﻣﻮﻇﻒ ﺑﻪ ﺧﺪﻣﺖ ﺍﺳﺖ ،ﻭ ﺑﻪ ﻫﻤﻴﻦ
ﺗﺮﺗﻴﺐ .ﺑﺮﺍﻱ ﻫﺮ ﺩﻭ ﻧﮕﻬﺒﺎﻧﻲ ﮐﻪ ﺩﺭ ﻧﻈﺮ ﺑﮕﻴﺮﻳﻢ ،ﻧﺴﺒﺖ ﺭﺗﺒﻪ ﺑﺎﻻﺗﺮ ﺑﻪ ﺭﺗﺒﻪ ﮐﻢﺗﺮ ﺣﺪﺍﻗﻞ  ۳ﺍﺳﺖ .ﺁﻳﺎ ﺑﺮﺍﻱ ﺍﻳﻦ ﺗﻴﻢ ﺍﺯ ﻧﮕﻬﺒﺎﻥﻫﺎ
ﺍﻣﮑﺎﻥ ﺩﺍﺭﺩ ﮐﻪ ﺩﺭ ﻫﺮ ﻟﺤﻈﻪ ﺣﺪﺍﻗﻞ ﻳﮏ ﻧﮕﻬﺒﺎﻥ ﻣﻮﻇﻒ ﺑﻪ ﺧﺪﻣﺖ ﺑﺎﺷﺪ؟ )ﻟﺰﻭﻣﻲ ﻧﺪﺍﺭﺩ ﮐﻪ ﻧﮕﻬﺒﺎﻥﻫﺎ ﻫﻤﻪ ﺩﺭ ﻳﮏ ﺭﻭﺯ ﺧﺪﻣﺖ
ﺧﻮﺩ ﺭﺍ ﺷﺮﻭﻉ ﮐﺮﺩﻩ ﺑﺎﺷﻨﺪ( ۶] .ﺍﻣﺘﻴﺎﺯ[
 (۴ﻫﺮ ﺧﺎﻧﻪ ﺍﺯ ﺟﺪﻭﻟﻲ    ﺑﺎ ﻋﻼﻣﺖ » «+ﻳﺎ » «-ﭘﺮ ﺷﺪﻩ ﺍﺳﺖ .ﺩﺭ ﻫﺮ ﮔﺎﻡ ،ﻣﻲﺗﻮﺍﻥ ﻳﮏ ﺳﻄﺮ ﻳﺎ ﺳﺘﻮﻥ ﺭﺍ ﺍﻧﺘﺨﺎﺏ ﮐﺮﺩﻩ ﻭ ﻫﻤﻪ
ﻋﻼﻣﺖﻫﺎﻱ ﺁﻥ ﺭﺍ ﺑﺮﻋﮑﺲ ﮐﺮﺩ .ﺍﮔﺮ ﺑﺪﺍﻧﻴﻢ ﮐﻪ ﺑﺎ ﺷﺮﻭﻉ ﺍﺯ ﭼﻴﺪﻣﺎﻥ ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﻭﻟﻴﻪ ﺑﺮﺍﻱ ﻋﻼﻣﺖﻫﺎ ،ﻣﻲﺗﻮﺍﻥ ﺑﻌﺪ ﺍﺯ ﺗﻌﺪﺍﺩﻱ ﮔﺎﻡ
ﺑﻪ ﺟﺪﻭﻟﻲ ﺭﺳﻴﺪ ﮐﻪ ﻓﻘﻂ ﺩﺍﺭﺍﻱ ﻋﻼﻣﺖ » «+ﺑﺎﺷﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻫﻤﻮﺍﺭﻩ ﻣﻲﺗﻮﺍﻥ ﺍﻳﻦ ﮐﺎﺭ ﺭﺍ ﺑﺎ ﺗﻌﺪﺍﺩ ﮔﺎﻡﻫﺎﻳﻲ ﺍﻧﺠﺎﻡ ﺩﺍﺩ ﮐﻪ ﺍﺯ 

ﺗﺠﺎﻭﺯ ﻧﻤﻲﮐﻨﺪ ۶] .ﺍﻣﺘﻴﺎﺯ[
 (۵ﻓﺮﺽ ﮐﻨﻴﺪ  ﻋﺪﺩﻱ ﺍﻭﻝ ﺑﺎﺷﺪ .ﻣﺠﻤﻮﻋﻪﺍﻱ ﺍﺯ  +۲ﻋﺪﺩ ﻃﺒﻴﻌﻲ ﺭﺍ )ﮐﻪ ﻟﺰﻭﻣﹰﺎ ﻣﺘﻔﺎﻭﺕ ﻧﻴﺴﺘﻨﺪ( ﺟﺎﻟﺐ ﻣﻲﻧﺎﻣﻴﻢ ،ﺍﮔﺮ ﻣﺠﻤﻮﻉ ﻫﺮ
 ﻋﺪﺩ ﺍﺯ ﺍﻳﻦ ﻣﺠﻤﻮﻋﻪ ،ﻣﻀﺮﺑﻲ ﺍﺯ ﻫﺮ ﻳﮏ ﺍﺯ ﺩﻭ ﻋﺪﺩ ﺩﻳﮕﺮ ﺁﻥ ﺑﺎﺷﺪ .ﻫﻤﻪ ﻣﺠﻤﻮﻋﻪﻫﺎﻱ ﺟﺎﻟﺐ ﺭﺍ ﺑﻴﺎﺑﻴﺪ ۸] .ﺍﻣﺘﻴﺎﺯ[
 (۶ﺑﺎﻧﮑﻲ ﻳﮏﻣﻴﻠﻴﻮﻥ ﻣﺸﺘﺮﻱ ﺩﺍﺭﺩ .ﻫﺮ ﻣﺸﺘﺮﻱ ﺩﺍﺭﺍﻱ ﮐﺪ ﺷﻨﺎﺳﺎﻳﻲ ﻳﮑﺘﺎﻳﻲ ﺍﺳﺖ ﮐﻪ ﺍﺯ ﺷﺶ ﺭﻗﻢ ﺗﺸﮑﻴﻞ ﺷﺪﻩ ﺍﺳﺖ .ﺩﮐﺘﺮ ﮐﻼﻭ
ﻟﻴﺴﺖ ﻫﻤﻪ ﻣﺸﺘﺮﻱﻫﺎ ﺭﺍ ﺩﺭ ﺍﺧﺘﻴﺎﺭ ﺩﺍﺭﺩ .ﺍﻭ ﻣﻲﺗﻮﺍﻧﺪ ﺑﻪ ﺣﺴﺎﺏ ﻫﺮ ﻣﺸﺘﺮﻱ ﻧﻔﻮﺫ ﮐﻨﺪ ،ﺍﻣﺎ ﻧﻤﻲﺗﻮﺍﻧﺪ ﺩﻭ ﺑﺎﺭ ﺑﻪ ﺣﺴﺎﺏ ﻳﮏ ﻣﺸﺘﺮﻱ
ﻧﻔﻮﺫ ﮐﻨﺪ .ﭘﺲ ﺍﺯ ﻧﻔﻮﺫ ،ﺍﻭ ﺑﻪ ﺍﻧﺘﺨﺎﺏ ﺧﻮﺩ ﺑﻪ  ﺭﻗﻢ ﺍﺯ ﮐﺪ ﺷﻨﺎﺳﺎﻳﻲ ﺁﻥ ﻣﺸﺘﺮﻱ ﺩﺳﺘﺮﺳﻲ ﭘﻴﺪﺍ ﻣﻲﮐﻨﺪ .ﺍﻭ ﻣﻲﺗﻮﺍﻧﺪ ﺟﺎﻱﮔﺎﻩ
ﺍﺭﻗﺎﻡ ﻣﺘﻔﺎﻭﺗﻲ ﺭﺍ ﺑﺮﺍﻱ ﻣﺸﺘﺮﻱﻫﺎﻱ ﻣﺨﺘﻠﻒ ﺍﻧﺘﺨﺎﺏ ﮐﻨﺪ .ﻫﺪﻑ ﺩﮐﺘﺮ ﮐﻼﻭ ﺍﻳﻦ ﺍﺳﺖ ﮐﻪ ﮐﺪ ﺷﻨﺎﺳﺎﻳﻲ ﺩﺷﻤﻨﺶ ،ﮐﺎﺭﺁﮔﺎﻩ
ﮔﺠﺖ ،ﺭﺍ )ﮐﻪ ﻳﮑﻲ ﺍﺯ ﻣﺸﺘﺮﻱﻫﺎ ﻧﻴﺰ ﻫﺴﺖ( ﺑﻪ ﻃﻮﺭ ﮐﺎﻣﻞ ﺑﺪﺍﻧﺪ .ﮐﻮﭼﮏﺗﺮﻳﻦ ﻣﻘﺪﺍﺭ  ﺭﺍ ﺑﻴﺎﺑﻴﺪ ﮐﻪ ﺣﺘﻤﹰﺎ ﺩﮐﺘﺮ ﮐﻼﻭ ﺑﺘﻮﺍﻧﺪ ﺑﻪ
ﻃﻮﺭ ﮐﺎﻣﻞ ﮐﺪ ﺷﻨﺎﺳﺎﻳﻲ ﮐﺎﺭﺁﮔﺎﻩ ﮔﭽﺖ ﺭﺍ ﺑﺪﺍﻧﺪ ۸] .ﺍﻣﺘﻴﺎﺯ[
  (۷ﺍﺭﺗﻔﺎﻋﻲ ﺍﺯ ﻣﺜﻠﺚ ﻣﺘﺴﺎﻭﻱﺍﻻﺿﻼﻉ  ﺍﺳﺖ .ﻓﺮﺽ ﮐﻨﻴﺪ ﻣﺮﮐﺰ ﺩﺍﻳﺮﻩ ﻣﺤﺎﻃﻲ ﻣﺜﻠﺚ  ،ﻭ ﻧﻘﺎﻁ ،
ﻣﺮﺍﮐﺰ ﺩﺍﻳﺮﻩﻫﺎﻱ ﻣﺤﺎﻃﻲ ﻣﺜﻠﺚﻫﺎﻱ ،

 ﻭ  ﺑﺎﺷﺪ .ﺍﻧﺪﺍﺯﻩ ﺯﺍﻭﻳﻪ

ﺭﺍ ﺑﻴﺎﺑﻴﺪ ۸] .ﺍﻣﺘﻴﺎﺯ[

ﻭ ﺑﻪ ﺗﺮﺗﻴﺐ
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ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۱ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ
۱۳۹۰ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores.)

points problems
1. An even number of pears is placed in a row, so that the masses of any two
neighbouring pears differ by no more than 1 gram. Show that one can always
distribute the pears in packages, two pears per package, and arrange the
4
packages in a row so that the masses of any two neighbouring packages differ
by no more than 1 gram.

4

2. In the plane, 100 points are marked. No three points lie on the same line. Is it
always possible to split these points into pairs and to connect the points in each
pair by a line segment so that all segments pairwise intersect?

6

3. In a team of guards, each guard has a certain rank (a positive integer). A guard
of rank  is on duty for  days, then he is off-duty for  days, again is on duty
for  days and so on. For each two guards, the ratio of the senior rank to the
junior rank is at least 3. Is it possible that in such a team of guards at each
moment at least one guard is on duty? (The guards need not all start their duty
on the same day).

6

4. Each entry of an   table is filled by either “+” or a “-”. At each step, one can
choose a row or a column and flip all signs in it. It is known that from the given
initial position one can obtain the table consisting only of “+” in some number
of steps. Prove that it can always be done in no more than  steps.

8

5. Let  be a prime number. A set of    positive integers (not necessarily
distinct) is called interesting if the sum of any  of these integers is a multiple
of each of two remaining integers. Find all interesting sets.

8

6. A bank has one million clients. Each client has his unique PIN-code consisting of
six digits. Doctor Claw knows the list of all clients. He is able to break into
account of each client but he cannot break twice into account of the same
client. As result, he retrieves the digits of a client PIN-code on any  positions
of his choice. Choice of positions could be different for different clients. The
purpose of Doctor Claw is to learn the complete PIN-code of his adversary,
Inspector Gadget (who is also a client). Find the smallest value of  for which
Doctor Claw can learn the complete PIN-code of Inspector Gadget for sure.

8

7. Let  be an altitude of an equilateral triangle  . Let be the incenter of
triangle  and let , and be the incenters of triangles  ,  and 
.
respectively. Determine the value of angle

