ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﻱ (۲
ﺍﺳﻔﻨﺪ ۱۳۹۱

)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﻋﺪﺩ ﻃﺒﻴﻌﻲ  ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ .ﺩﻭ ﻋﻤﻠﻴﺎﺕ ﻣﺠﺎﺯ ﺍﺳﺖ :ﺍﻓﺰﺍﻳﺶ ﺍﻳﻦ ﻋﺪﺩ ﺑﻪ ﺍﻧﺪﺍﺯﻩﻱ  ،۹ﻭ ﺣﺬﻑ ﻳﮏ ﺭﻗﻢ ﺑﺮﺍﺑﺮ
ﺑﺎ  ۱ﺍﺯ ﻫﺮ ﺟﺎﻳﮕﺎﻫﻲ ﺩﺭ ﺍﻳﻦ ﻋﺪﺩ .ﺁﻳﺎ ﻫﻤﻮﺍﺭﻩ ﻣﻲﺗﻮﺍﻥ ﺑﺎ ﭼﻨﺪ ﺑﺎﺭ ﺗﮑﺮﺍﺭ ﺍﻳﻦ ﻋﻤﻠﻴﺎﺕ ﺑﻪ ﻋﺪﺩ    ۱ﺭﺳﻴﺪ؟
)ﺗﻮﺟﻪ :ﺍﮔﺮ ﺭﻗﻢ ﺍﻭﻝ ﺍﺯ ﺳﻤﺖ ﭼﭗ ﻳﮏ ﺑﺎﺷﺪ ﻭ ﺣﺬﻑ ﺷﻮﺩ ،ﺗﻤﺎﻡ ﺻﻔﺮﻫﺎﻱ ﺑﻌﺪ ﺍﺯ ﺁﻥ ﻧﻴﺰ ﺗﺎ ﺭﺳﻴﺪﻥ ﺑﻪ ﺭﻗﻤﻲ
ﻏﻴﺮﺻﻔﺮ ﺣﺬﻑ ﻣﻲﺷﻮﺩ ۳] (.ﺍﻣﺘﻴﺎﺯ[
 (۲ﺯﺍﻭﻳﻪﻱ  ﺩﺭ ﻣﺜﻠﺚ  ﻗﺎﺋﻤﻪ ﺍﺳﺖ .ﺭﻭﻱ ﺍﺿﻼﻉ  ﻭ  ﻣﺮﺑﻊﻫﺎﻱ ﻭ  ﺩﺭ ﺑﻴﺮﻭﻥ ﻣﺜﻠﺚ
ﺳﺎﺧﺘﻪ ﻣﻲﺷﻮﺩ .ﺍﮔﺮ  ﺍﺭﺗﻔﺎﻉ ﻣﺜﻠﺚ ﺑﺎﺷﺪ ،ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺯﺍﻭﻳﻪﻱ   ﻗﺎﺋﻤﻪ ﺍﺳﺖ ۴] .ﺍﻣﺘﻴﺎﺯ[
 (۳ﻫﺸﺖ ﺭﺥ ﺭﻭﻱ ﺻﻔﺤﻪﻱ ﺷﻄﺮﻧﺠﻲ  ۸ ۸ﺑﻪ ﻃﻮﺭﻱ ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ ﮐﻪ ﻫﻴﭻ ﺩﻭ ﺗﺎﻳﻲ ﺍﺯ ﺁﻥﻫﺎ ﻳﮑﺪﻳﮕﺮ ﺭﺍ ﺗﻬﺪﻳﺪ
ﻧﻤﻲﮐﻨﻨﺪ .ﻫﻤﻪﻱ ﺧﺎﻧﻪﻫﺎﻱ ﺻﻔﺤﻪﻱ ﺷﻄﺮﻧﺞ ﻃﺒﻖ ﻗﻮﺍﻧﻴﻦ ﺑﻌﺪﻱ ﺑﻪ ﺭﺥﻫﺎ ﺍﺧﺘﺼﺎﺹ ﻣﻲﻳﺎﺑﺪ :ﺧﺎﻧﻪﺍﻱ ﮐﻪ ﻫﺮ ﺭﺥ ﺩﺭ
ﺁﻥ ﺍﺳﺖ ﺑﻪ ﺁﻥ ﺭﺥ ﺍﺧﺘﺼﺎﺹ ﺩﺍﺭﺩ .ﺍﮔﺮ ﻳﮏ ﺧﺎﻧﻪ ﺗﻮﺳﻂ ﺩﻭ ﺭﺥ ﺗﻬﺪﻳﺪ ﺷﻮﺩ ،ﺑﻪ ﺭﺧﻲ ﺗﻌﻠﻖ ﻣﻲﮔﻴﺮﺩ ﮐﻪ ﺑﻪ ﺁﻥ
ﺧﺎﻧﻪ ﻧﺰﺩﻳﮏﺗﺮ ﺍﺳﺖ؛ ﺩﺭ ﺷﺮﺍﻳﻄﻲ ﮐﻪ ﺍﻳﻦ ﺩﻭ ﺭﺥ ﺑﻪ ﻓﺎﺻﻠﻪﻱ ﻳﮑﺴﺎﻧﻲ ﺍﺯ ﺁﻥ ﺧﺎﻧﻪ ﺑﺎﺷﻨﺪ ،ﺑﻪ ﻫﺮ ﻳﮏ ﺍﺯ ﺍﻳﻦ ﺭﺥﻫﺎ
ﻣﺎﻟﮑﻴﺖ ﻧﻴﻤﻲ ﺍﺯ ﺁﻥ ﺧﺎﻧﻪ ﺍﺧﺘﺼﺎﺹ ﻣﻲﻳﺎﺑﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻫﻤﻪﻱ ﺭﺥﻫﺎ ﻣﺎﻟﮏ ﻣﺴﺎﺣﺖ ﻳﮑﺴﺎﻧﻲ ﺧﻮﺍﻫﻨﺪ ﺷﺪ.
] ۴ﺍﻣﺘﻴﺎﺯ[
 (۴ﻫﺮ ﻳﮏ ﺍﺯ  ۱۰۰ﺳﻨﮓ ﺑﺮﭼﺴﺒﻲ ﺩﺍﺭﺩ ﮐﻪ ﻭﺯﻥ ﻭﺍﻗﻌﻲ ﺁﻥ ﺭﺍ ﻧﺸﺎﻥ ﻣﻲﺩﻫﺪ .ﻫﻴﭻ ﺩﻭ ﺳﻨﮕﻲ ﻫﻢﻭﺯﻥ ﻧﻴﺴﺘﻨﺪ .ﺟﻤﺸﻴﺪ
ﺑﺎﺯﻱﮔﻮﺵ ﻣﻲﺧﻮﺍﻫﺪ ﺑﺮﭼﺴﺐﻫﺎ ﺭﺍ ﻃﻮﺭﻱ ﺟﺎﺑﻪﺟﺎ ﮐﻨﺪ ﮐﻪ ﻣﺠﻤﻮﻉ ﺍﻋﺪﺍﺩ ﺭﻭﻱ ﺑﺮﭼﺴﺐﻫﺎ ﺑﺮﺍﻱ ﻫﺮ ﮔﺮﻭﻩ  ۱ﺗﺎ
 ۹۹ﻋﻀﻮﻱ ﻋﺪﺩﻱ ﻏﻴﺮ ﺍﺯ ﻭﺯﻥ ﻭﺍﻗﻌﻲ ﺁﻥ ﮔﺮﻭﻩ ﺑﺎﺷﺪ .ﺁﻳﺎ ﺍﻳﻦ ﮐﺎﺭ ﻫﻤﻮﺍﺭﻩ ﺍﻣﮑﺎﻥﭘﺬﻳﺮ ﺍﺳﺖ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۵ﻳﮏ ﻣﻌﺎﺩﻟﻪﻱ ﺩﺭﺟﻪ ﺩﻭﻡ ﺑﺎ ﺿﺮﺍﻳﺐ ﺻﺤﻴﺢ »ﻣﺠﺎﺯ« ﻧﺎﻣﻴﺪﻩ ﻣﻲﺷﻮﺩ ﻫﺮﮔﺎﻩ ﺿﺮﻳﺐ ﺟﻤﻠﻪﻱ ﺑﺎ ﺗﻮﺍﻥ ﺩﻭ ﺩﺭ ﺁﻥ ﺑﺮﺍﺑﺮ
ﻳﮏ ﺑﺎﺷﺪ ،ﺭﻳﺸﻪﻫﺎﻱ ﺁﻥ ﺍﻋﺪﺍﺩﻱ ﺻﺤﻴﺢ ﺑﺎﺷﻨﺪ ﻭ ﻗﺪﺭﻣﻄﻠﻖ ﺿﺮﺍﻳﺐ ﺁﻥ ﺍﺯ  ۲۰۱۳ﺗﺠﺎﻭﺯ ﻧﮑﻨﺪ .ﺑﻬﺮﺍﻡ ﻫﻤﻪﻱ
ﻣﻌﺎﺩﻟﻪﻫﺎﻱ ﺩﺭﺟﻪﻱ ﺩﻭﻡ ﻣﺠﺎﺯ ﺭﺍ ﺑﺎ ﻫﻢ ﺟﻤﻊ ﮐﺮﺩﻩ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﻣﻌﺎﺩﻟﻪﻱ ﺩﺭﺟﻪ ﺩﻭﻡ ﺣﺎﺻﻞ ﺭﻳﺸﻪﻱ
ﺣﻘﻴﻘﻲ ﻧﺪﺍﺭﺩ ۵] .ﺍﻣﺘﻴﺎﺯ[
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(۲ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﻋﺎﺩﻱ
۱۳۹۱ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores)

points

problems
1.

There is a positive integer . Two operations are allowed: increasing this number
by 9 and deleting a digit equal to 1 from any position. Is it always possible to obtain
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  by applying these operations several times?
(Remark. If leading digit 1 is deleted, all leading zeros are deleted as well.)
2.

Let  be a right angle in triangle . On legs  and  the squares ,
 are constructed outside the triangle. If 
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is an altitude of the triangle

prove that   is a right angle.
3.

Eight rooks are placed on a

chessboard, so that no two rooks attack one

another. All squares of the board are divided between the rooks as follows. A
square where a rook is placed belongs to it. If a square is attacked by two rooks
4

then it belongs to the nearest rook; in case these two rooks are equidistant from
this square, each of them possesses a half of the square. Prove that every rook
possesses an equal area.
4.

Each of 100 stones has a sticker showing its true weight. No two stones weight the
same. Mischievous Greg wants to rearrange stickers so that the sum of the

4

numbers on the stickers for any group containing from 1 to 99 stones is different
from the true weight of this group. Is it always possible?
5.

5

A quadratic trinomial with integer coefficients is called admissible if its leading
coefficient is 1, its roots are integers and the absolute values of coefficients do not
exceed 2013. Basil has summed up all admissible quadratic trinomials. Prove that
the resulting trinomial has no real roots.

