ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۱
ﺍﺳﻔﻨﺪ ۱۳۹۱

)ﻟﻄﻔﹰﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﺗﻌﺪﺍﺩﻱ ﻋﺪﺩ ﻃﺒﻴﻌﻲ ﺭﻭﻱ ﺗﺨﺘﻪﺳﻴﺎﻫﻲ ﻧﻮﺷﺘﻪ ﺷﺪﻩﺍﻧﺪ ﮐﻪ ﻣﺠﻤﻮﻉ ﻫﺮ ﺩﻭ ﺗﺎ ﺍﺯ ﺁﻥﻫﺎ ﺗﻮﺍﻧﻲ ﻃﺒﻴﻌﻲ ﺍﺯ ﻋﺪﺩ ﺩﻭ ﺍﺳﺖ )ﺑﺮﺍﻱ ﻣﺜﺎﻝ ،۲
 .(... ،۸ ،۴ﺣﺪﺍﮐﺜﺮ ﺗﻌﺪﺍﺩ ﻣﻤﮑﻦ ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ ﻣﺘﻔﺎﻭﺗﻲ ﮐﻪ ﺭﻭﻱ ﺗﺨﺘﻪﺳﻴﺎﻩ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۲ﺑﻴﺴﺖ ﺑﭽﻪ ،ﺩﻩ ﭘﺴﺮ ﻭ ﺩﻩ ﺩﺧﺘﺮ ،ﺭﻭﻱ ﻳﮏ ﺧﻂ ﺍﻳﺴﺘﺎﺩﻩﺍﻧﺪ .ﻫﺮ ﭘﺴﺮ ﺗﻌﺪﺍﺩ ﺑﭽﻪﻫﺎﻳﻲ ﺭﺍ ﮐﻪ ﺳﻤﺖ ﺭﺍﺳﺖ ﺍﻭ ﺍﻳﺴﺘﺎﺩﻩﺍﻧﺪ ﻣﻲﺷﻤﺎﺭﺩ ﻭ
ﻫﺮ ﺩﺧﺘﺮ ﺗﻌﺪﺍﺩ ﺑﭽﻪﻫﺎﻳﻲ ﺭﺍ ﮐﻪ ﺩﺭ ﺳﻤﺖ ﭼﭗ ﺍﻭ ﺍﻳﺴﺘﺎﺩﻩﺍﻧﺪ ﻣﻲﺷﻤﺎﺭﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻣﺠﻤﻮﻉ ﺍﻋﺪﺍﺩ ﺷﻤﺮﺩﻩ ﺷﺪﻩ ﺗﻮﺳﻂ ﭘﺴﺮﺍﻥ ﺑﺎ
ﻣﺠﻤﻮﻉ ﺍﻋﺪﺍﺩ ﺷﻤﺮﺩﻩ ﺷﺪﻩ ﺗﻮﺳﻂ ﺩﺧﺘﺮﺍﻥ ﺑﺮﺍﺑﺮ ﺍﺳﺖ ۴] .ﺍﻣﺘﻴﺎﺯ[
 (۳ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﺑﺮﺧﻲ ﺧﺎﻧﻪﻫﺎﻱ  ۱×۱ﺍﺯ ﺟﺪﻭﻟﻲ  ۱۹×۱۹ﻧﺸﺎﻧﻪﮔﺬﺍﺭﻱ ﺷﻮﺩ ،ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﻫﺮ ﻣﺮﺑﻊ  ۱۰×۱۰ﺩﺍﺭﺍﻱ ﺗﻌﺪﺍﺩ
ﻣﺘﻔﺎﻭﺗﻲ ﺍﺯ ﺧﺎﻧﻪﻫﺎﻱ ﻧﺸﺎﻧﻪﮔﺬﺍﺭﻱ ﺷﺪﻩ ﺑﺎﺷﺪ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
 (۴ﺭﻭﻱ ﻳﮏ ﺩﺍﻳﺮﻩ  ۱۰۰۰ﻋﺪﺩ ﺣﻘﻴﻘﻲ ﻏﻴﺮﺻﻔﺮ ﻳﮏ ﺩﺭ ﻣﻴﺎﻥ ﺑﺎ ﺳﻔﻴﺪ ﻭ ﺳﻴﺎﻩ ﺭﻧﮓﺁﻣﻴﺰﻱ ﺷﺪﻩﺍﻧﺪ .ﻫﺮ ﻋﺪﺩ ﺳﻴﺎﻩ ﺑﺮﺍﺑﺮ ﺑﺎ ﻣﺠﻤﻮﻉ ﺩﻭ
ﻋﺪﺩ ﺳﻔﻴﺪ ﻫﻤﺴﺎﻳﻪﻱ ﺁﻥ ﺍﺳﺖ ،ﻭ ﻫﺮ ﻋﺪﺩ ﺳﻔﻴﺪ ﺑﺮﺍﺑﺮ ﺑﺎ ﺣﺎﺻﻞﺿﺮﺏ ﺩﻭ ﻋﺪﺩ ﺳﻴﺎﻩ ﻫﻤﺴﺎﻳﻪﻱ ﺁﻥ ﺍﺳﺖ .ﻣﺠﻤﻮﻉ ﺍﻳﻦ ﻫﺰﺍﺭ ﻋﺪﺩ
ﭼﻪ ﺍﻋﺪﺍﺩﻱ ﻣﻲﺗﻮﺍﻧﺪ ﺑﺎﺷﺪ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
 (۵ﻳﮏ ﻧﻘﻄﻪ ﺭﻭﻱ ﺻﻔﺤﻪ »ﮔﺮﻩ« ﻧﺎﻣﻴﺪﻩ ﻣﻲﺷﻮﺩ ﺍﮔﺮ ﻫﺮ ﺩﻭ ﻣﻮﻟﻔﻪﻱ ﻣﺨﺘﺼﺎﺕ ﺁﻥ ﻋﺪﺩﻱ ﺻﺤﻴﺢ ﺑﺎﺷﺪ .ﻣﺜﻠﺜﻲ ﺑﺎ ﺭﺃﺱﻫﺎﻳﻲ ﺩﺭ
ﮔﺮﻩﻫﺎ ﺩﺭ ﻧﻈﺮ ﺑﮕﻴﺮﻳﺪ ﮐﻪ ﺩﻗﻴﻘﹰﺎ ﺩﻭ ﮔﺮﻩ ﺩﺭﻭﻥ ﺁﻥ ﻭﺍﻗﻊ ﺷﺪﻩ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺧﻂ ﺭﺍﺳﺘﻲ ﮐﻪ ﺍﻳﻦ ﺩﻭ ﮔﺮﻩ ﺭﺍ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ
ﻣﻲﮐﻨﺪ ﻳﺎ ﺍﺯ ﻳﮏ ﺭﺃﺱ ﻋﺒﻮﺭ ﻣﻲﮐﻨﺪ ﻭ ﻳﺎ ﻣﻮﺍﺯﻱ ﺿﻠﻌﻲ ﺍﺯ ﻣﺜﻠﺚ ﺍﺳﺖ ۶] .ﺍﻣﺘﻴﺎﺯ[
 (۶ﺩﺭ ﻣﺜﻠﺚ ﻗﺎﺋﻢﺍﻟﺰﺍﻭﻳﻪﻱ  ،ﻧﻘﻄﻪﻱ  ﻣﺮﮐﺰ ﺩﺍﻳﺮﻩ ﻣﺤﺎﻃﻲ ﻭ ﻧﻘﺎﻁ  ﻭ  ﺑﻪ ﺗﺮﺗﻴﺐ ﻧﻘﺎﻁ ﺗﻤﺎﺱ ﺩﺍﻳﺮﻩ ﻣﺤﺎﻃﻲ ﺑﺎ
ﺳﺎﻕﻫﺎﻱ  ﻭ  ﺍﺳﺖ.
ﻋﻤﻮﺩﻱ ﮐﻪ ﺍﺯ  ﺑﻪ  ﺭﺳﻢ ﻣﻲﺷﻮﺩ ﺑﺎ ﻋﻤﻮﺩﻱ ﮐﻪ ﺍﺯ  ﺑﻪ  ﺭﺳﻢ ﻣﻲﺷﻮﺩ ﺩﺭ ﻧﻘﻄﻪﻱ  ﺑﺮﺧﻮﺭﺩ ﻣﻲﮐﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ
ﺧﻄﻮﻁ  ﻭ  ﺑﺮ ﻳﮑﺪﻳﮕﺮ ﻋﻤﻮﺩ ﻫﺴﺘﻨﺪ ۸] .ﺍﻣﺘﻴﺎﺯ[
 (۷ﺩﻭ ﺗﻴﻢ  ﻭ  ﺩﺭ ﻳﮏ ﺗﻮﺭﻧﻤﻨﺖ ﺩﺍﻧﺶﺁﻣﻮﺯﻱ ﺗﻨﻴﺲ ﺭﻭﻱ ﻣﻴﺰ ﺷﺮﮐﺖ ﻣﻲﮐﻨﻨﺪ .ﺗﻴﻢ  ﺍﺯ  ﺩﺍﻧﺶﺁﻣﻮﺯ ﻭ ﺗﻴﻢ  ﺍﺯ 
ﺩﺍﻧﺶﺁﻣﻮﺯ ﺗﺸﮑﻴﻞ ﺷﺪﻩ ﮐﻪ 

.

ﻓﻘﻂ ﻳﮏ ﻣﻴﺰ ﺑﺮﺍﻱ ﺑﺎﺯﻱ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﻭ ﺗﻮﺭﻧﻤﻨﺖ ﺑﻪ ﺍﻳﻦ ﺻﻮﺭﺕ ﺑﺮﮔﺰﺍﺭ ﻣﻲﺷﻮﺩ ﮐﻪ ﺩﻭ ﺩﺍﻧﺶﺁﻣﻮﺯ ﺍﺯ ﺩﻭ ﺗﻴﻢ ﻣﺨﺘﻠﻒ ﺷﺮﻭﻉ ﺑﻪ
ﺑﺎﺯﻱ ﻣﻲﮐﻨﻨﺪ ﻭ ﺳﺎﻳﺮ ﺩﺍﻧﺶﺁﻣﻮﺯﺍﻥ ﻳﮏ ﺻﻒ ﺗﺸﮑﻴﻞ ﻣﻲﺩﻫﻨﺪ ﻭ ﻣﻨﺘﻈﺮ ﻣﻲﻣﺎﻧﻨﺪ ﺗﺎ ﻧﻮﺑﺖ ﺑﺎﺯﻱ ﺑﻪ ﺁﻥﻫﺎ ﺑﺮﺳﺪ .ﺑﻌﺪ ﺍﺯ ﻫﺮ ﺑﺎﺯﻱ،
ﻧﻔﺮ ﺍﻭﻝ ﺩﺭ ﺻﻒ ﺟﺎﻱﮔﺰﻳﻦ ﻫﻢﺗﻴﻤﻲ ﺧﻮﺩﺵ ﮐﻨﺎﺭ ﻣﻴﺰ ﻣﻲﺷﻮﺩ ﻭ ﺑﺎ ﺑﺎﺯﻳﮑﻦ ﻗﺒﻠﻲ ﮐﻨﺎﺭ ﻣﻴﺰ ﺑﺎﺯﻱ ﻣﻲﮐﻨﺪ ،ﻭ ﺑﺎﺯﻳﮑﻦ ﺟﺎﻱﮔﺰﻳﻦ
ﺷﺪﻩ ﺑﻪ ﺍﻧﺘﻬﺎﻱ ﺻﻒ ﻣﻲﺭﻭﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﮐﻪ ﻫﺮ ﺩﻭ ﺑﺎﺯﻳﮑﻦ ﺍﺯ ﺩﻭ ﺗﻴﻢ ﻣﻘﺎﺑﻞ ﻫﻢ ،ﺳﺮﺍﻧﺠﺎﻡ ﺑﺎ ﻫﻢ ﺑﺎﺯﻱ ﺧﻮﺍﻫﻨﺪ ﮐﺮﺩ ۹] .ﺍﻣﺘﻴﺎﺯ[

ﺷﻤﺎﺭﻩ ﮔﺮﻭﻩ:
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ﺧﺎﻧﻪ ﺭﻳﺎﺿﻴﺎﺕ ﺍﺻﻔﻬﺎﻥ
(۱ ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ
۱۳۹۱ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores.)

points problems
1. Several positive integers are written on a blackboard. The sum of any two of
4
them is a positive integer power of two (for example,
). What is the
maximal possible number of different integers on the blackboard?

4

2. Twenty children, ten boys and ten girls, were standing in a line. Each boy
counted the number of children standing to the right of him. Each girl counted
the number of children standing to the left of her. Prove that the sums of
numbers counted by the boys and the girls are the same.

5

3. There is a    board. Is it possible to mark some    squares so that each
of    squares contains different number of marked squares?

5

4. On a circle, there are  nonzero real numbers painted black and white in
turn. Each black number is equal to the sum of two white numbers adjacent to
it, and each white number is equal to the product of two black numbers
adjacent to it. What are the possible values of the total sum of  numbers?

6

5. A point in the plane is called a node if both its coordinates are integers.
Consider a triangle with vertices at nodes containing exactly two nodes inside.
Prove that the straight line connecting these nodes either passes through a
vertex or is parallel to a side of the triangle.

8

6. Let  be a right-angled triangle,  its incenter and ,  points of tangency
of the incircle with the legs  and  respectively.
Let the perpendicular dropped to  from  and the perpendicular dropped to
 from  meet at point . Prove that the lines  and  are perpendicular.

9

7. Two teams  and  play a school ping pong tournament. The team  consists of
 students, and the team  consists of  students where  .
There is only one ping pong table to play and the tournament is organized as
follows. Two students from different teams start to play while other players
form a line waiting for their turn to play. After each game the first player in the
line replaces the member of the same team at the table and plays with the
remaining player. The replaced player then goes to the end of the line. Prove
that every two players from the opposite teams will eventually play against
each other.

