ﻣﺴﺎﺑﻘﻪ ﺗﻴﻤﻲ )ﺳﻄﺢ ﭘﻴﺸﺮﻓﺘﻪ (۲
ﺍﺳﻔﻨﺪ ۱۳۹۱
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)ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ(
 (۱ﺗﻌﺪﺍﺩﻱ ﻋﺪﺩ ﻃﺒﻴﻌﻲ ﺭﻭﻱ ﺗﺨﺘﻪﺳﻴﺎﻫﻲ ﻧﻮﺷﺘﻪ ﺷﺪﻩﺍﻧﺪ ﮐﻪ ﻣﺠﻤﻮﻉ ﻫﺮ ﺩﻭ ﺗﺎ ﺍﺯ ﺁﻥﻫﺎ ﺗﻮﺍﻧﻲ ﻃﺒﻴﻌﻲ ﺍﺯ ﻋﺪﺩ ﺩﻭ ﺍﺳﺖ )ﺑﺮﺍﻱ ﻣﺜﺎﻝ  .(... ،۸ ،۴ ،۲ﺣﺪﺍﮐﺜﺮ
ﺗﻌﺪﺍﺩ ﻣﻤﮑﻦ ﺑﺮﺍﻱ ﺍﻋﺪﺍﺩ ﻣﺘﻔﺎﻭﺗﻲ ﮐﻪ ﺭﻭﻱ ﺗﺨﺘﻪﺳﻴﺎﻩ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟ ] ۳ﺍﻣﺘﻴﺎﺯ[
 (۲ﻳﮏ ﭘﺴﺮ ﻭ ﻳﮏ ﺩﺧﺘﺮ ﺭﻭﻱ ﻳﮏ ﻧﻴﻤﮑﺖ ﺩﺭﺍﺯ ﻧﺸﺴﺘﻪﺍﻧﺪ .ﺳﭙﺲ ﺑﻴﺴﺖ ﺩﺍﻧﺶﺁﻣﻮﺯ ﺩﻳﮕﺮ ﻳﮑﻲ ﭘﺲ ﺍﺯ ﺩﻳﮕﺮﻱ ﻣﻲﺁﻳﻨﺪ ﮐﻪ ﺭﻭﻱ ﻧﻴﻤﮑﺖ ﺑﻨﺸﻴﻨﻨﺪ ،ﻭ ﻫﺮ
ﮐﺪﺍﻡ ﺩﺭ ﺟﺎﻳﻲ ﺑﻴﻦ ﺑﭽﻪﻫﺎﻳﻲ ﮐﻪ ﻧﺸﺴﺘﻪﺍﻧﺪ ﻣﻲﻧﺸﻴﻨﻨﺪ .ﻳﮏ ﺩﺧﺘﺮﺑﭽﻪ ﺭﺍ ﺷﺠﺎﻉ ﻣﻲﻧﺎﻣﻴﻢ ﺍﮔﺮ ﺑﻴﻦ ﺩﻭ ﭘﺴﺮﺑﭽﻪ ﺑﻨﺸﻴﻨﺪ ،ﻭ ﻳﮏ ﭘﺴﺮﺑﭽﻪ ﺭﺍ ﺷﺠﺎﻉ ﻣﻲﻧﺎﻣﻴﻢ
ﺍﮔﺮ ﺑﻴﻦ ﺩﻭ ﺩﺧﺘﺮﺑﭽﻪ ﺑﻨﺸﻴﻨﺪ .ﺩﺭ ﻧﻬﺎﻳﺖ ﭼﻨﻴﻦ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺩﺧﺘﺮﺑﭽﻪﻫﺎ ﻭ ﭘﺴﺮﺑﭽﻪﻫﺎ ﻳﮑﻲ ﺩﺭ ﻣﻴﺎﻥ ﻗﺮﺍﺭ ﮔﺮﻓﺘﻪﺍﻧﺪ .ﺁﻳﺎ ﻣﻲﺗﻮﺍﻥ ﺑﻪ ﻃﻮﺭ ﻳﮑﺘﺎ ﺗﻌﺪﺍﺩ
ﺑﭽﻪﻫﺎﻱ ﺷﺠﺎﻉ ﺭﺍ ﺗﻌﻴﻴﻦ ﮐﺮﺩ؟ ] ۴ﺍﻣﺘﻴﺎﺯ[
 (۳ﻳﮏ ﻧﻘﻄﻪ ﺭﻭﻱ ﺻﻔﺤﻪ »ﮔﺮﻩ« ﻧﺎﻣﻴﺪﻩ ﻣﻲﺷﻮﺩ ﺍﮔﺮ ﻫﺮ ﺩﻭ ﻣﻮﻟﻔﻪﻱ ﻣﺨﺘﺼﺎﺕ ﺁﻥ ﻋﺪﺩﻱ ﺻﺤﻴﺢ ﺑﺎﺷﺪ .ﻣﺜﻠﺜﻲ ﺑﺎ ﺭﺃﺱﻫﺎﻳﻲ ﺩﺭ ﮔﺮﻩﻫﺎ ﺩﺭ ﻧﻈﺮ ﺑﮕﻴﺮﻳﺪ ﮐﻪ
ﺣﺪﺍﻗﻞ ﺩﻭ ﮔﺮﻩ ﺩﺭﻭﻥ ﺁﻥ ﻗﺮﺍﺭ ﺩﺍﺭﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺩﻭ ﮔﺮﻩﻱ ﺩﺭﻭﻧﻲ ﻭﺟﻮﺩ ﺩﺍﺭﺩ ﮐﻪ ﺧﻂ ﺭﺍﺳﺘﻲ ﮐﻪ ﺍﻳﻦ ﺩﻭ ﺭﺍ ﺑﻪ ﻫﻢ ﻣﺘﺼﻞ ﻣﻲﮐﻨﺪ ﻳﺎ ﺍﺯ ﻳﮏ ﺭﺃﺱ ﻋﺒﻮﺭ
ﻣﻲﮐﻨﺪ ﻭ ﻳﺎ ﻣﻮﺍﺯﻱ ﺿﻠﻌﻲ ﺍﺯ ﻣﺜﻠﺚ ﺍﺳﺖ ۶] .ﺍﻣﺘﻴﺎﺯ[
 (۴ﺍﻋﺪﺍﺩ ﻃﺒﻴﻌﻲ  ۱۰۰ ،... ،۲ ،۱ﺭﻭﻱ ﻳﮏ ﺩﺍﻳﺮﻩ )ﻧﻪ ﻟﺰﻭﻣﹰﺎ ﺑﻪ ﺗﺮﺗﻴﺐ( ﻧﻮﺷﺘﻪ ﺷﺪﻩﺍﻧﺪ .ﺁﻳﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﮐﻪ ﻗﺪﺭﻣﻄﻠﻖ ﺍﺧﺘﻼﻑ ﺑﻴﻦ ﻫﺮ ﺩﻭ ﻋﺪﺩ ﮐﻨﺎﺭ ﻫﻢ
ﺣﺪﺍﻗﻞ  ۳۰ﻭ ﺣﺪﺍﮐﺜﺮ  ۵۰ﺑﺎﺷﺪ؟ ] ۶ﺍﻣﺘﻴﺎﺯ[
 (۵ﺭﻭﻱ ﻳﮏ ﺻﻔﺤﻪ ﮐﻪ ﺩﺭ ﺍﺑﺘﺪﺍ ﺑﺪﻭﻥ ﺭﻧﮓﺁﻣﻴﺰﻱ ﺍﺳﺖ ﺳﻪ ﻧﻘﻄﻪ ﺍﻧﺘﺨﺎﺏ ﺷﺪﻩ ﻭ ﺑﻪ ﺭﻧﮓﻫﺎﻱ ﻗﺮﻣﺰ ،ﺁﺑﻲ ﻭ ﺯﺭﺩ ﺭﻧﮓ ﺷﺪﻩﺍﻧﺪ .ﺩﺭ ﻫﺮ ﮔﺎﻡ ﺩﻭ ﻧﻘﻄﻪ ﺑﺎ
ﺭﻧﮓﻫﺎﻱ ﻣﺨﺘﻠﻒ ﺍﻧﺘﺨﺎﺏ ﻣﻲﺷﻮﻧﺪ .ﺳﭙﺲ ﻧﻘﻄﻪﺍﻱ ﺑﺎ ﺭﻧﮓ ﺳﻮﻡ ﺭﻧﮓﺁﻣﻴﺰﻱ ﻣﻲﺷﻮﺩ ،ﺑﻪ ﮔﻮﻧﻪﺍﻱ ﮐﻪ ﺍﻳﻦ ﺳﻪ ﻧﻘﻄﻪ ﺗﺸﮑﻴﻞ ﻣﺜﻠﺚ ﻣﺘﺴﺎﻭﻱﺍﻻﺿﻼﻉ
ﻼ ﺭﻧﮓﺁﻣﻴﺰﻱ ﺷﺪﻩ ﻣﻲﺗﻮﺍﻧﺪ ﺩﻭﺑﺎﺭﻩ
ﺑﺪﻫﻨﺪ ﻭ ﺭﺃﺱﻫﺎﻱ ﺁﻥ ﺩﺭ ﺟﻬﺖ ﻋﻘﺮﺑﻪﻫﺎﻱ ﺳﺎﻋﺖ ﺑﺎ »ﻗﺮﻣﺰ ،ﺁﺑﻲ ،ﺯﺭﺩ« ﺭﻧﮓﺁﻣﻴﺰﻱ ﺷﺪﻩ ﺑﺎﺷﻨﺪ .ﻧﻘﻄﻪﺍﻱ ﮐﻪ ﻗﺒ ﹰ
ﺭﻧﮓ ﺷﻮﺩ ،ﻭ ﻣﻤﮑﻦ ﺍﺳﺖ ﺩﺍﺭﺍﻱ ﺭﻧﮓﻫﺎﻱ ﻣﺨﺘﻠﻒ ﺑﺸﻮﺩ .ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺑﻌﺪ ﺍﺯ ﻫﺮ ﺗﻌﺪﺍﺩ ﺣﺮﮐﺖ ،ﻫﻤﻪﻱ ﻧﻘﺎﻃﻲ ﮐﻪ ﻫﻢﺭﻧﮓ ﻫﺴﺘﻨﺪ ﺭﻭﻱ ﻳﮏ ﺧﻂ
ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ  ۷] .ﺍﻣﺘﻴﺎﺯ[
 (۶ﭘﻨﺞ ﻋﺪﺩ ﺣﻘﻴﻘﻲ ﻣﺜﺒﺖ ﻣﺘﻔﺎﻭﺕ ﺩﺍﺭﻳﻢ .ﻣﻲﺩﺍﻧﻴﻢ ﮐﻪ ﻣﺠﻤﻮﻉ ﻣﺮﺑﻌﺎﺕ ﺁﻥﻫﺎ ﺑﺎ ﻣﺠﻤﻮﻉ ﺩﻩ ﻋﺪﺩ ﺣﺎﺻﻞ ﺍﺯ ﺿﺮﺏ ﺩﻭ ﺑﻪ ﺩﻭﻱ ﺁﻥﻫﺎ ﺑﺮﺍﺑﺮ ﺍﺳﺖ.
ﺍﻟﻒ( ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﻣﻲﺗﻮﺍﻧﻴﻢ ﺳﻪ ﻋﺪﺩ ﺍﻧﺘﺨﺎﺏ ﮐﻨﻴﻢ ﮐﻪ ﻧﻤﻲﺗﻮﺍﻥ ﻣﺜﻠﺜﻲ ﺑﺎ ﻃﻮﻝ ﺍﺿﻼﻋﻲ ﺑﺮﺍﺑﺮ ﺑﺎ ﺍﻳﻦ ﺍﻋﺪﺍﺩ ﺗﺸﮑﻴﻞ ﺩﺍﺩ ۴] .ﺍﻣﺘﻴﺎﺯ[
ﺏ( ﺛﺎﺑﺖ ﮐﻨﻴﺪ ﺗﻌﺪﺍﺩ ﭼﻨﻴﻦ ﺳﻪﺗﺎﻳﻲﻫﺎﻳﻲ ﺣﺪﺍﻗﻞ ﺑﺮﺍﺑﺮ ﺷﺶ ﺍﺳﺖ )ﺳﻪﺗﺎﻳﻲﻫﺎﻳﻲ ﮐﻪ ﺷﺎﻣﻞ ﺍﻋﺪﺍﺩ ﻣﺸﺎﺑﻪ ﺑﺎ ﺗﺮﺗﻴﺐ ﻣﺨﺘﻠﻒ ﺑﺎﺷﻨﺪ ﻳﮑﺴﺎﻥ ﺩﺭ ﻧﻈﺮ ﮔﺮﻓﺘﻪ
ﻣﻲﺷﻮﻧﺪ( ۵] .ﺍﻣﺘﻴﺎﺯ[
 (۷ﭘﺎﺩﺷﺎﻩ ﺗﺼﻤﻴﻢ ﮔﺮﻓﺘﻪ ﺍﺳﺖ ﮐﻪ ﺍﻧﺠﻤﻦ ﻣﺸﺎﻭﺭﺍﻧﺶ ﺭﺍ ﮐﻪ ﺍﺯ ﻫﺰﺍﺭ ﻧﺎﺑﻐﻪ ﺗﺸﮑﻴﻞ ﺷﺪﻩ ﮐﻮﭼﮏ ﮐﻨﺪ .ﺍﻭ ﺁﻥﻫﺎ ﺭﺍ ﺩﺭ ﻳﮏ ﺧﻂ ﻗﺮﺍﺭ ﺩﺍﺩﻩ ﻭ ﺑﺮ ﺳﺮ ﺁﻥﻫﺎ
ﮐﻼﻩﻫﺎﻳﻲ ﻗﺮﺍﺭ ﺩﺍﺩﻩ ﺍﺳﺖ ﮐﻪ ﺍﻋﺪﺍﺩ  ۱ﺗﺎ  ۱۰۰۱ﺭﻭﻱ ﺁﻥﻫﺎ ،ﻧﻪ ﻟﺰﻭﻣﹰﺎ ﺑﻪ ﺗﺮﺗﻴﺐ ،ﻧﻮﺷﺘﻪ ﺷﺪﻩ )ﻳﮏ ﮐﻼﻩ ﻣﺨﻔﻲ ﮔﺮﺩﻳﺪﻩ ﺍﺳﺖ( .ﻫﺮ ﻧﺎﺑﻐﻪ ﺷﻤﺎﺭﻩﻫﺎﻱ
ﺭﻭﻱ ﮐﻼﻩﻫﺎﻱ ﻫﻤﻪﻱ ﺍﻓﺮﺍﺩ ﺟﻠﻮﻱ ﺧﻮﺩ ﺭﺍ ﻣﻲﺑﻴﻨﺪ ﺍﻣﺎ ﺷﻤﺎﺭﻩ ﮐﻼﻩ ﺧﻮﺩ ﻭ ﺍﻓﺮﺍﺩ ﭘﺸﺖ ﺳﺮ ﺧﻮﺩ ﺭﺍ ﻧﻤﻲﺑﻴﻨﺪ .ﺑﺎ ﺩﺳﺘﻮﺭ ﺷﺎﻩ ،ﺑﺎ ﺷﺮﻭﻉ ﺍﺯ ﺍﻧﺘﻬﺎﻱ ﺻﻒ ،ﻫﺮ
ﻧﺎﺑﻐﻪ ﻳﮏ ﻋﺪﺩ ﺑﻴﻦ  ۱ﺗﺎ  ۱۰۰۱ﺭﺍ ﻣﻲﮔﻮﻳﺪ ﺑﻪ ﻃﻮﺭﻱ ﮐﻪ ﻫﻤﻪ ﻧﺎﺑﻐﻪﻫﺎﻱ ﺩﻳﮕﺮ ﺁﻥ ﺭﺍ ﻣﻲﺷﻨﻮﻧﺪ .ﻫﻴﭻ ﻋﺪﺩﻱ ﻧﻤﻲﺗﻮﺍﻧﺪ ﺩﻭ ﺑﺎﺭ ﺗﮑﺮﺍﺭ ﺷﻮﺩ .ﺩﺭ ﻧﻬﺎﻳﺖ ﻫﺮ
ﻧﺎﺑﻐﻪﺍﻱ ﮐﻪ ﻧﺘﻮﺍﻧﺪ ﻋﺪﺩ ﺭﻭﻱ ﮐﻼﻩ ﺧﻮﺩ ﺭﺍ ﺑﮕﻮﻳﺪ ﺍﺯ ﺍﻧﺠﻤﻦ ﺣﺬﻑ ﻣﻲﺷﻮﺩ .ﻧﺎﺑﻐﻪﻫﺎ ﺷﺮﺍﻳﻂ ﺍﻳﻦ ﺁﺯﻣﻮﻥ ﺭﺍ ﻣﻲﺩﺍﻧﻨﺪ ﻭ ﻣﻲﺗﻮﺍﻧﻨﺪ ﺗﺪﺑﻴﺮﺍﺕ ﻻﺯﻡ ﺭﺍ ﺩﺭ
ﻣﻮﺭﺩ ﺍﺳﺘﺮﺍﺗﮋﻱ ﺧﻮﺩ ﻗﺒﻞ ﺍﺯ ﺁﺯﻣﻮﻥ ﺩﺍﺷﺘﻪ ﺑﺎﺷﻨﺪ.
ﺍﻟﻒ( ﺁﻳﺎ ﻧﺎﺑﻐﻪﻫﺎ ﻣﻲﺗﻮﺍﻧﻨﺪ ﻳﮏ ﺍﺳﺘﺮﺍﺗﮋﻱ ﻃﺮﺍﺣﻲ ﮐﻨﻨﺪ ﮐﻪ ﺿﻤﺎﻧﺖ ﮐﻨﺪ ﺑﻴﺶ ﺍﺯ  ۵۰۰ﻧﻔﺮ ﺍﺯ ﺁﻥﻫﺎ ﺩﺭ ﺍﻧﺠﻤﻦ ﺑﺎﻗﻲ ﻣﻲﻣﺎﻧﻨﺪ؟ ] ۵ﺍﻣﺘﻴﺎﺯ[
ﺏ( ﺁﻳﺎ ﻧﺎﺑﻐﻪﻫﺎ ﻣﻲﺗﻮﺍﻧﻨﺪ ﻳﮏ ﺍﺳﺘﺮﺍﺗﮋﻱ ﻃﺮﺍﺣﻲ ﮐﻨﻨﺪ ﮐﻪ ﺿﻤﺎﻧﺖ ﮐﻨﺪ ﺣﺪﺍﻗﻞ  ۹۹۹ﻧﻔﺮ ﺍﺯ ﺁﻥﻫﺎ ﺩﺭ ﺍﻧﺠﻤﻦ ﺑﺎﻗﻲ ﻣﻲﻣﺎﻧﻨﺪ؟ ] ۷ﺍﻣﺘﻴﺎﺯ[
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(The result is computed from the three problems with the highest scores; the scores for the individual parts of a
single problem are summed.)

Points Problems
1.

Several positive integers are written on a blackboard. The sum of any two of them is a
positive integer power of two (for example,  ). What is the maximal possible number
of different integers on the blackboard?

2.

A boy and a girl were sitting on a long bench. Then twenty more children one after another
came to sit on the bench, each taking a place between already sitting children. Let us call a
girl brave if she sat down between two boys, and let us call a boy brave if he sat down
between two girls. It happened, that in the end all girls and boys were sitting in the
alternating order. Is it possible to uniquely determine the number of brave children?

3.

A point in the plane is called a node if both its coordinates are integers. Consider a triangle
with vertices at nodes containing at least two nodes inside. Prove that there exists a pair of
internal nodes such that a straight line connecting them either passes through a vertex or is
parallel to side of the triangle.

4.

Integers     are written on a circle, not necessarily in that order. Can it be that the
absolute value of the difference between any two adjacent integers is at least  and at
most ?

5.

On an initially colorless plane three points are chosen and marked in red, blue and yellow.
At each step two points marked in different colors are chosen. Then one more point is
painted in the third color so that these three points form a regular triangle with the vertices
colored clockwise in “red, blue, yellow”. A point already marked may be marked again so
that it may have several colors. Prove that for any number of moves all the points
containing the same color lie on the same line.

6.

There are five distinct real positive numbers. It is known that the total sum of squares and
the total sum of ten pairwise products of these numbers are equal.
Prove that we can choose three numbers such that it would not be possible to make a
triangle with sides' lengths equal to these numbers.
Prove that the number of such triples is at least six (triples which consist of the same
numbers in different order are considered the same).
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a)
b)
7.
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a)
b)

The King decided to reduce his Council consisting of thousand wizards. He placed them in a
line and placed hats with numbers from  to  on their heads not necessarily in this
order (one hat was hidden). Each wizard can see the numbers on the hats of all those
before him but not on himself or on anyone who stayed behind him. By King's command,
starting from the end of the line each wizard calls one integer from  to  so that every
wizard in the line can hear it. No number can be repeated twice.
In the end each wizard who fails to call the number on his hat is removed from the Council.
The wizards knew the conditions of testing and could work out their strategy prior to it.
Can the wizards work out a strategy which guarantees that more than  of them remain
in the Council?
Can the wizards work out a strategy which guarantees that at least
of them remain in
the Council?

