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ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﺑﺎ ﺩﻗﺖ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ .ﺍﯾﻦ ﺑﺮﮔﻪ ﻣﺨﺼﻮﺹ ﮔﺮ ﻭﻩﻫﺎﯾﯽ ﺍﺳﺖ ﮐﻪ ﻫﺮ ﺳﻪ ﻧﻔﺮ ،ﺍﻭﻝ ﺩﺑﯿﺮﺳﺘﺎﻥ ﺑﺎﺷﻨﺪ.

 .۱ﻧﻘﻄﻪ  Eﺩﺭ ﻭﻥ ﻣﺘﻮﺍﺯﯼ ﺍﻻﺿﻼﻉ  ABCDﺍﻧﺘﺨﺎﺏ ﻣﯽﺷﻮﺩ ﺑﻄﻮﺭﯼ ﮐﻪ  .CD = CEﺛﺎﺑﺖ ﮐﻨﯿﺪ ﭘﺎﺭﻩﺧﻂ  DEﺑﺮ ﭘﺎﺭﻩﺧﻄﯽ ﮐﻪ
ﻭﺳﻂ ﭘﺎﺭﻩﺧﻂ  AEﺭﺍ ﺑﻪ ﻭﺳﻂ ﭘﺎﺭﻩﺧﻂ  BCﻭﺻﻞ ﻣﯽﮐﻨﺪ ،ﻋﻤﻮﺩ ﺍﺳﺖ.

] ۴ﺍﻣﺘﯿﺎﺯ[

 .۲ﯾﮏ ﻣﻨﻄﻘﻪ ﺣﻔﺎﻇﺖﺷﺪﻩ ﺑﻪ ﺷﮑﻞ ﯾﮏ ﭼﻨﺪﺿﻠﻌﯽ ﻏﯿﺮﻣﺤﺪﺏ ﺍﺳﺖ .ﺍﯾﻦ ﻣﻨﻄﻘﻪ ﺑﺎ ﯾﮏ ﺣﺼﺎﺭ ﺷﻔﺎﻑ ﺩﺭ ﻃﻮﻝ ﻣﺤﯿﻄﺶ ﻣﺤﺎﻓﻈﺖ
ﻣﯽﺷﻮﺩ ﻭ ﺩﺭ ﯾﮏ ﻣﯿﺪﺍﻥ ﻣﯿﻦ ﺍﺣﺎﻃﻪ ﺷﺪﻩ ﺍﺳﺖ ،ﺑﻪ ﮔﻮﻧﻪﺍﯼ ﮐﻪ ﯾﮏ ﺟﺎﺳﻮﺱ ﺗﻨﻬﺎ ﻣﯽﺗﻮﺍﻧﺪ ﺩﺭ ﻃﻮﻝ ﺣﺼﺎﺭ ﺣﺮﮐﺖ ﮐﻨﺪ .ﺟﺎﺳﻮﺱ
ﯾﮏ ﺑﺎﺭ ﺩﻭﺭ ﻣﻨﻄﻘﻪ ﺣﺮﮐﺖ ﻣﯽﮐﻨﺪ ﺑﻪﻃﻮﺭﯼ ﮐﻪ ﻣﻨﻄﻘﻪ ﻫﻤﯿﺸﻪ ﺩﺭ ﺳﻤﺖ ﺭﺍﺳﺖ ﺍﻭ ﺍﺳﺖ .ﯾﮏ ﺧﻂ ﻣﺴﺘﻘﯿﻢ ﺑﺮ ﻕ ﺑﺎ  ۳۶ﺩﮐﻞ ﺍﯾﻦ
ﻣﻨﻄﻘﻪ ﺭﺍ ﻗﻄﻊ ﻣﯽﮐﻨﺪ ﮐﻪ ﺑﺮﺧﯽ ﺍﺯ ﺩﮐﻞﻫﺎ ﺩﺭ ﻭﻥ ﻣﻨﻄﻘﻪ ﻭ ﺑﺮﺧﯽ ﺑﯿﺮ ﻭﻥ ﺁﻥ ﻗﺮﺍﺭ ﺩﺍﺭﻧﺪ .ﺧﻂ ﺑﺮ ﻕ ﺍﺯ ﺭﺋﻮﺱ ﺣﺼﺎﺭ ﻋﺒﻮﺭ ﻧﻤﯽﮐﻨﺪ.
ﺟﺎﺳﻮﺱ ﻫﺮ ﺑﺎﺭ ﮐﻪ ﺍﺯ ﺧﻂ ﺑﺮ ﻕ ﻋﺒﻮﺭ ﻣﯽﮐﻨﺪ ،ﺗﻌﺪﺍﺩ ﺩﮐﻞﻫﺎﯼ ﺳﻤﺖ ﭼﭗ ﺧﻮﺩ ﺭﺍ ﻣﯽﺷﻤﺎﺭﺩ )ﺍﻭ ﻣﯽﺗﻮﺍﻧﺪ ﻫﻤﻪ ﺩﮐﻞﻫﺎ ﺭﺍ ﺑﺒﯿﻨﺪ(.
ﺟﺎﺳﻮﺱ ﺑﻪ ﻣﺤﺾ ﺑﺎﺯﮔﺸﺖ ﺑﻪ ﻧﻘﻄﻪ ﺍﻭﻟﯿﻪ ،ﺩﺭ ﻣﺠﻤﻮﻉ  ۲۰۱۵ﺩﮐﻞ ﺭﺍ ﺷﻤﺮﺩﻩ ﺍﺳﺖ .ﺗﻌﺪﺍﺩ ﺩﮐﻞﻫﺎﯼ ﺩﺭ ﻭﻥ ﺣﺼﺎﺭ ﭼﻨﺪ ﺗﺎ ﺍﺳﺖ؟
 .۳ﺍﻟﻒ( ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﻣﺜﺒﺖ  x۲ ،xﻭ  x۳ﺑﺎ ﺭﻗﻢ ﯾﮑﺴﺎﻧﯽ ﺷﺮ ﻭﻉ ﻣﯽﺷﻮﻧﺪ .ﺁﯾﺎ ﻣﯽﺗﻮﺍﻥ ﻧﺘﯿﺠﻪ ﮔﺮﻓﺖ ﮐﻪ ﺍﯾﻦ ﺭﻗﻢ ﺑﺮﺍﺑﺮ ﯾﮏ ﺍﺳﺖ؟
ﺏ( ﻫﻤﯿﻦ ﺳﻮﺍﻝ ﺭﺍ ﺑﺮﺍﯼ ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﻣﺜﺒﺖ  x, x۲ , x۳ , . . . , x۲۰۱۵ﺟﻮﺍﺏ ﺩﻫﯿﺪ.

] ۶ﺍﻣﺘﯿﺎﺯ[
] ۳ﺍﻣﺘﯿﺎﺯ[
] ۴ﺍﻣﺘﯿﺎﺯ[

 .۴ﺑﺮﺍﯼ ﻫﺮ ﺿﻠﻊ ﯾﮏ ﭼﻨﺪﺿﻠﻌﯽ ،ﺧﻂ ﺷﺎﻣﻞ ﺁﻥ ﺿﻠﻊ ﺣﺪﺍﻗﻞ ﺍﺯ ﯾﮏ ﺭﺍﺱ ﺩﯾﮕﺮ ﺍﯾﻦ ﭼﻨﺪﺿﻠﻌﯽ ﻋﺒﻮﺭ ﻣﯽﮐﻨﺪ .ﺁﯾﺎ ﻣﻤﮑﻦ ﺍﺳﺖ ﮐﻪ
ﺗﻌﺪﺍﺩ ﺭﺋﻮﺱ ﺍﯾﻦ ﭼﻨﺪﺿﻠﻌﯽ،
ﺍﻟﻒ( ﺑﯿﺸﺘﺮ ﺍﺯ  ۹ﻧﺒﺎﺷﺪ؟

] ۴ﺍﻣﺘﯿﺎﺯ[

ﺏ( ﺑﯿﺸﺘﺮ ﺍﺯ  ۸ﻧﺒﺎﺷﺪ؟

] ۵ﺍﻣﺘﯿﺎﺯ[

) .۵ﺍﻟﻒ( ﯾﮏ ﺟﺪﻭﻝ ) ۲ × nﮐﻪ  (n > ۲ﺑﺎ ﺍﻋﺪﺍﺩ ﺑﻪﮔﻮﻧﻪﺍﯼ ﭘﺮ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻣﺘﻔﺎﻭﺕ ﺍﺳﺖ .ﺛﺎﺑﺖ
ﮐﻨﯿﺪ ﻣﯽﺗﻮﺍﻥ ﺍﻋﺪﺍﺩ ﺭﺍ ﺩﺭ ﺟﺪﻭﻝ ﻃﻮﺭﯼ ﺟﺎﺑﻪ ﺟﺎ ﮐﺮﺩ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻫﻢﭼﻨﺎﻥ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ ﻭ ﻋﻼﻭﻩ ﺑﺮ ﺁﻥ ،ﺟﻤﻊ
ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﻄﺮﻫﺎ ﻧﯿﺰ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ.

] ۳ﺍﻣﺘﯿﺎﺯ[

)ﺏ( ﯾﮏ ﺟﺪﻭﻝ  ۱۰ × ۱۰ﺑﺎ ﺍﻋﺪﺍﺩ ﺑﻪﮔﻮﻧﻪﺍﯼ ﭘﺮ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻣﺘﻔﺎﻭﺕ ﺍﺳﺖ .ﺁﯾﺎ ﻫﻤﻮﺍﺭﻩ ﻣﯽﺗﻮﺍﻥ
ﺍﻋﺪﺍﺩ ﺭﺍ ﺩﺭ ﺟﺪﻭﻝ ﻃﻮﺭﯼ ﺟﺎﺑﻪ ﺟﺎ ﮐﺮﺩ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻫﻢﭼﻨﺎﻥ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ ﻭ ﻋﻼﻭﻩ ﺑﺮ ﺁﻥ ،ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ
ﺳﻄﺮﻫﺎ ﻧﯿﺰ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ؟

] ۶ﺍﻣﺘﯿﺎﺯ[

 .۶ﯾﮏ -Nﺿﻠﻌﯽ ﻣﺤﺪﺏ ﺑﺎ ﺍﺿﻼﻉ ﺑﺮﺍﺑﺮ ﺩﺭ ﻭﻥ ﯾﮏ ﺩﺍﯾﺮﻩ ﻭﺍﻗﻊ ﺷﺪﻩ ﺍﺳﺖ .ﻫﺮ ﺿﻠﻊ ﺩﺭ ﻫﺮ ﺩﻭ ﺟﻬﺖ ﺗﺎ ﻣﺤﻞ ﺑﺮﺧﻮﺭﺩ ﺑﺎ ﺩﺍﯾﺮﻩ ﺍﻣﺘﺪﺍﺩ
ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﺩﻭ ﭘﺎﺭﻩﺧﻂ ﺟﺪﯾﺪ ﺭﺍ ﺩﺭ ﺑﯿﺮ ﻭﻥ ﭼﻨﺪﺿﻠﻌﯽ ﺗﺸﮑﯿﻞ ﻣﯽﺩﻫﺪ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻣﯽﺗﻮﺍﻥ ﺑﺮﺧﯽ ﺍﺯ ﺍﯾﻦ ۲N
ﭘﺎﺭﻩﺧﻂ ﺟﺪﯾﺪ ﺭﺍ ﺑﺎ ﺭﻧﮓ ﻗﺮﻣﺰ ﻭ ﺑﻘﯿﻪ ﺭﺍ ﺑﺎ ﺭﻧﮓ ﺁﺑﯽ ﺭﻧﮓﺁﻣﯿﺰﯼ ﮐﺮﺩ ،ﺑﻄﻮﺭﯼ ﮐﻪ ﻣﺠﻤﻮﻉ ﻃﻮﻝ ﻫﻤﻪ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﻗﺮﻣﺰ ﺑﺮﺍﺑﺮ ﺑﺎ
ﻣﺠﻤﻮﻉ ﻃﻮﻝ ﻫﻤﻪ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﺁﺑﯽ ﺑﺎﺷﺪ.

] ۹ﺍﻣﺘﯿﺎﺯ[

 .۷ﯾﮏ ﺍﻣﭙﺮﺍﻃﻮﺭ ۲۰۱۵ ،ﺟﺎﺩﻭﮔﺮ ﺭﺍ ﺑﻪ ﯾﮏ ﺟﺸﻦ ﺩﻋﻮﺕ ﻣﯽﮐﻨﺪ .ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﺟﺎﺩﻭﮔﺮﻫﺎ ﻣﯽﺩﺍﻧﺪ ﮐﻪ ﮐﺪﺍﻡ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﻭ ﮐﺪﺍﻡ ﺑﺪ
ﺍﺳﺖ ،ﻭﻟﯽ ﺍﻣﭙﺮﺍﻃﻮﺭ ﺍﯾﻦ ﺭﺍ ﻧﻤﯽﺩﺍﻧﺪ .ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﻫﻤﯿﺸﻪ ﺣﻘﯿﻘﺖ ﺭﺍ ﻣﯽﮔﻮﯾﺪ ،ﺩﺭ ﺣﺎﻟﯽ ﮐﻪ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺑﺪ ﻣﯽﺗﻮﺍﻧﺪ ﻫﺮﭼﻪ
ﺑﺨﻮﺍﻫﺪ ﺑﮕﻮﯾﺪ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﺍﺯ ﻫﺮ ﺟﺎﺩﻭﮔﺮ ﺗﻨﻬﺎ ﯾﮏ ﺳﻮﺍﻝ ،ﮐﻪ ﻣﯽﺗﻮﺍﻧﺪ ﺑﺮﺍﯼ ﻫﺮ ﺟﺎﺩﻭﮔﺮ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ ،ﻣﯽﭘﺮﺳﺪ )ﺑﻪ ﺗﺮﺗﯿﺒﯽ ﮐﻪ ﺧﻮﺩﺵ
ﺍﻧﺘﺨﺎﺏ ﻣﯽﮐﻨﺪ( ﻭ ﺑﻪ ﺟﻮﺍﺏ ﺍﻭ ﮐﻪ ”ﺑﻠﻪ“ ﯾﺎ ”ﺧﯿﺮ“ ﺍﺳﺖ ،ﮔﻮﺵ ﻣﯽﺩﻫﺪ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﺑﻌﺪ ﺍﺯ ﺷﻨﯿﺪﻥ ﻫﻤﻪ ﺟﻮﺍﺏﻫﺎ ،ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺭﺍ
ﺍﺯ ﯾﮏ ﺩﺭ ﺟﺎﺩﻭﯾﯽ ﺍﺧﺮﺍﺝ ﻣﯽﮐﻨﺪ ﮐﻪ ﻧﺸﺎﻥ ﻣﯽﺩﻫﺪ ﺍﯾﻦ ﺟﺎﺩﻭﮔﺮ ﺑﺪ ﺍﺳﺖ ﯾﺎ ﺧﻮﺏ .ﺳﭙﺲ ﺍﻣﭙﺮﺍﻃﻮﺭ ﺍﯾﻦ ﻓﺮﺍﯾﻨﺪ ﺭﺍ ﺩﻭﺑﺎﺭﻩ ﺍﺯ ﺍﻭﻝ ﺑﺎ
ﺑﻘﯿﻪ ﺟﺎﺩﻭﮔﺮﻫﺎ ﺗﮑﺮﺍﺭ ﻣﯽﮐﻨﺪ ﻭ ﺍﯾﻦ ﮐﺎﺭ ﭼﻨﺪﺑﺎﺭ ﺗﮑﺮﺍﺭ ﻣﯽﺷﻮﺩ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﻣﯽﺗﻮﺍﻧﺪ ﭘﺲ ﺍﺯ ﻫﺮ ﺟﻮﺍﺏ ،ﻣﺘﻮﻗﻒ ﺷﻮﺩ ﻭ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺭﺍ
ﺍﺧﺮﺍﺝ ﮐﻨﺪ ﯾﺎ ﻧﮑﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺍﻣﭙﺮﺍﻃﻮﺭ ﻣﯽﺗﻮﺍﻧﺪ ﻫﻤﻪ ﺟﺎﺩﻭﮔﺮﻫﺎﯼ ﺑﺪ ﺭﺍ ﺍﺧﺮﺍﺝ ﮐﻨﺪ ،ﺩﺭﺣﺎﻟﯽ ﮐﻪ ﺣﺪﺍﮐﺜﺮ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﺭﺍ
ﺍﺧﺮﺍﺝ ﮐﺮﺩﻩ ﺍﺳﺖ.

] ۱۰ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ ﺗﻮﺭﻧﻤﻨﺖ ﺷﻬﺮﻫﺎ
(۱ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ
۱۳۹۳ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores, the scores for the individual parts of a
single problem are summed up.)
points
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problems
1.

A point is chosen inside a parallelogram ABCD so that CD = CE. Prove that the segment DE is
perpendicular to the segment connecting the midpoints of the segments AE and BC.

2.

A prohibited area has the shape of a non-convex polygon. It is protected by a transparent chain
fence along its perimeter and is surrounded by a mineﬁeld so that a spy can only move along the
fence. The spy went around the area once so that the area was always on his right. A straight power
line with 36 poles crosses this area so that some of the poles are inside the area, and some are outside
it. The power line does not pass through the vertices of the fence. Each time the spy crossed the
power line, he counted the poles to the left of him (he could see all the poles). Up to the return to
the initial point, the spy had counted 2015 poles in total. Find the number of poles inside the fence.
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3.
a)
b)
4.

4
5

a)
b)
5.
a)

3
b)
6

For each side of some polygon, the line containing it contains at least one more vertex of this polygon.
Is it possible that the number of vertices of this polygon is
not greater than 9?
not greater than 8?
A 2 × n-table (with n > 2) is ﬁlled with numbers so that the sums in all the columns are diﬀerent.
Prove that it is possible to permute the numbers in the table so that the sums in the columns would
still be diﬀerent and the sums in the rows would also be diﬀerent.
A 10 × 10-table is ﬁlled with numbers such that the sums in all the columns are diﬀerent. Is it always
possible to permute the numbers in the table so that the sums in the columns would still be diﬀerent
and the sums in the rows would also be diﬀerent?

6.

An convex N -gon with equal sides is located inside a circle. Each side is extended in both directions
up to the intersection with the circle so that it contains two new segments outside the polygon. Prove
that one can paint some of these new 2N segments in red and the others in blue so that the sum of
lengths of all the red segments would be the same as for the blue ones.

7.

An Emperor invited 2015 wizards to a festival. Each of the wizards knows who of them is good and
who is evil, however the Emperor doesn’t know this. A good wizard always tells the truth, while
an evil wizard can say what he wants. The Emperor asks each wizard (in an order of his choice) a
single question, maybe diﬀerent for diﬀerent wizards, and listens to the answer which is either “yes”
or “no”. Having listened to all the answers, the Emperor expels a single wizard through a magic
door which shows if this wizard is good or evil. Then the Emperor repeats the procedure with the
remaining wizards, and so on. The Emperor may stop after any answer, and after this the Emperor
may expel or not expel a wizard. Prove that the Emperor can expel all the evil wizards having
expelled at most one good wizard.

9

10

The positive integers x, x2 and x3 begin with the same digit. Does it imply that this digit is 1?
The same question for the positive integers x, x2 , x3 , . . . , x2015 .

ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ ﺗﻮﺭﻧﻤﻨﺖ ﺷﻬﺮﻫﺎ
)ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ (۲
ﺍﺳﻔﻨﺪ ۱۳۹۳
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ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ:

ﺧﺎﻧﻪ ﺭ ﯾﺎﺿﯿﺎﺕ ﺍﺻﻔﻬﺎﻥ
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ﻟﻄﻔﺎ ﭘﻴﺶ ﺍﺯ ﺷﺮ ﻭﻉ ،ﺻﻔﺤﻪ ﺍﻭﻝ ﭘﺎﺳﺦﻧﺎﻣﻪ ﺭﺍ ﻣﻄﺎﻟﻌﻪ ﮐﻨﻴﺪ .ﺍﯾﻦ ﺑﺮﮔﻪ ﻣﺨﺼﻮﺹ ﮔﺮ ﻭﻩﻫﺎﯾﯽ ﺍﺳﺖ ﮐﻪ ﺣﺪﺍﻗﻞ ﯾﮏ ﻋﻀﻮ ،ﺩﻭﻡ ﯾﺎ ﺳﻮﻡ ﺩﺑﯿﺮﺳﺘﺎﻥ ﺑﺎﺷﺪ.

 .۱ﺍﻟﻒ( ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﻣﺜﺒﺖ  x۲ ،xﻭ  x۳ﺑﺎ ﺭﻗﻢ ﯾﮑﺴﺎﻧﯽ ﺷﺮ ﻭﻉ ﻣﯽﺷﻮﻧﺪ .ﺁﯾﺎ ﻣﯽﺗﻮﺍﻥ ﻧﺘﯿﺠﻪ ﮔﺮﻓﺖ ﮐﻪ ﺍﯾﻦ ﺭﻗﻢ ﺑﺮﺍﺑﺮ ﯾﮏ ﺍﺳﺖ؟
ﺏ( ﻫﻤﯿﻦ ﺳﻮﺍﻝ ﺭﺍ ﺑﺮﺍﯼ ﺍﻋﺪﺍﺩ ﺻﺤﯿﺢ ﻣﺜﺒﺖ  x, x۲ , x۳ , . . . , x۲۰۱۵ﺟﻮﺍﺏ ﺩﻫﯿﺪ.

] ۲ﺍﻣﺘﯿﺎﺯ[
] ۳ﺍﻣﺘﯿﺎﺯ[

 .۲ﻧﻘﻄﻪ  Xﺭ ﻭﯼ ﻗﺎﻋﺪﻩ  BCﺍﺯ ﯾﮏ ﻣﺜﻠﺚ ﻣﺘﺴﺎﻭﯼ ﺍﻟﺴﺎﻗﯿﻦ  ABCﻭ ﻧﻘﺎﻁ  Pﻭ  Qﺑﻪ ﺗﺮﺗﯿﺐ ﺭ ﻭﯼ ﺍﺿﻼﻉ  ABﻭ  ACﻣﺸﺨﺺ
ﺷﺪﻩﺍﻧﺪ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ  AP XQﯾﮏ ﻣﺘﻮﺍﺯﯼ ﺍﻻﺿﻼﻉ ﺍﺳﺖ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻧﻘﻄﻪ  Yﮐﻪ ﻗﺮ ﯾﻨﻪ ﻧﻘﻄﻪ  Xﻧﺴﺒﺖ ﺑﻪ ﺧﻂ  P Qﺍﺳﺖ ،ﺭ ﻭﯼ
ﺩﺍﯾﺮﻩ ﻣﺤﯿﻄﯽ ﻣﺜﻠﺚ  ABCﺍﺳﺖ.

] ۵ﺍﻣﺘﯿﺎﺯ[

) .۳ﺍﻟﻒ( ﯾﮏ ﺟﺪﻭﻝ ) ۲ × nﮐﻪ  (n > ۲ﺑﺎ ﺍﻋﺪﺍﺩ ﺑﻪﮔﻮﻧﻪﺍﯼ ﭘﺮ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻣﺘﻔﺎﻭﺕ ﺍﺳﺖ .ﺛﺎﺑﺖ
ﮐﻨﯿﺪ ﻣﯽﺗﻮﺍﻥ ﺍﻋﺪﺍﺩ ﺭﺍ ﺩﺭ ﺟﺪﻭﻝ ﻃﻮﺭﯼ ﺟﺎﺑﻪ ﺟﺎ ﮐﺮﺩ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻫﻢﭼﻨﺎﻥ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ ﻭ ﻋﻼﻭﻩ ﺑﺮ ﺁﻥ ،ﺟﻤﻊ
ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﻄﺮﻫﺎ ﻧﯿﺰ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ.

] ۲ﺍﻣﺘﯿﺎﺯ[

)ﺏ( ﯾﮏ ﺟﺪﻭﻝ  ۱۰۰ × ۱۰۰ﺑﺎ ﺍﻋﺪﺍﺩ ﺑﻪﮔﻮﻧﻪﺍﯼ ﭘﺮ ﺷﺪﻩ ﺍﺳﺖ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻣﺘﻔﺎﻭﺕ ﺍﺳﺖ .ﺁﯾﺎ ﻫﻤﻮﺍﺭﻩ ﻣﯽﺗﻮﺍﻥ
ﺍﻋﺪﺍﺩ ﺭﺍ ﺩﺭ ﺟﺪﻭﻝ ﻃﻮﺭﯼ ﺟﺎﺑﻪ ﺟﺎ ﮐﺮﺩ ﮐﻪ ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ ﺳﺘﻮﻥﻫﺎ ﻫﻢﭼﻨﺎﻥ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ ﻭ ﻋﻼﻭﻩ ﺑﺮ ﺁﻥ ،ﺟﻤﻊ ﺍﻋﺪﺍﺩ ﺩﺭ ﻫﻤﻪ
ﺳﻄﺮﻫﺎ ﻧﯿﺰ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ؟

] ۶ﺍﻣﺘﯿﺎﺯ[

 .۴ﯾﮏ -Nﺿﻠﻌﯽ ﻣﺤﺪﺏ ﺑﺎ ﺍﺿﻼﻉ ﺑﺮﺍﺑﺮ ﺩﺭ ﻭﻥ ﯾﮏ ﺩﺍﯾﺮﻩ ﻭﺍﻗﻊ ﺷﺪﻩ ﺍﺳﺖ .ﻫﺮ ﺿﻠﻊ ﺩﺭ ﻫﺮ ﺩﻭ ﺟﻬﺖ ﺗﺎ ﻣﺤﻞ ﺑﺮﺧﻮﺭﺩ ﺑﺎ ﺩﺍﯾﺮﻩ ﺍﻣﺘﺪﺍﺩ
ﺩﺍﺩﻩ ﺷﺪﻩ ﺍﺳﺖ ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﺩﻭ ﭘﺎﺭﻩﺧﻂ ﺟﺪﯾﺪ ﺭﺍ ﺩﺭ ﺑﯿﺮ ﻭﻥ ﭼﻨﺪﺿﻠﻌﯽ ﺗﺸﮑﯿﻞ ﻣﯽﺩﻫﺪ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﻣﯽﺗﻮﺍﻥ ﺑﺮﺧﯽ ﺍﺯ ﺍﯾﻦ ۲N
ﭘﺎﺭﻩﺧﻂ ﺟﺪﯾﺪ ﺭﺍ ﺑﺎ ﺭﻧﮓ ﻗﺮﻣﺰ ﻭ ﺑﻘﯿﻪ ﺭﺍ ﺑﺎ ﺭﻧﮓ ﺁﺑﯽ ﺭﻧﮓﺁﻣﯿﺰﯼ ﮐﺮﺩ ،ﺑﻄﻮﺭﯼ ﮐﻪ ﻣﺠﻤﻮﻉ ﻃﻮﻝ ﻫﻤﻪ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﻗﺮﻣﺰ ﺑﺮﺍﺑﺮ ﺑﺎ
ﻣﺠﻤﻮﻉ ﻃﻮﻝ ﻫﻤﻪ ﭘﺎﺭﻩﺧﻂﻫﺎﯼ ﺁﺑﯽ ﺑﺎﺷﺪ.

] ۸ﺍﻣﺘﯿﺎﺯ[

 .۵ﺁﯾﺎ ﺩﻭ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺑﺎ ﺿﺮﺍﯾﺐ ﺻﺤﯿﺢ ﻭﺟﻮﺩ ﺩﺍﺭﻧﺪ ،ﺑﻪ ﻃﻮﺭﯼ ﮐﻪ ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﺁﻥ ﺩﻭ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ،ﺿﺮ ﯾﺒﯽ ﺑﺎ ﻗﺪﺭ ﻣﻄﻠﻖ ﺑﯿﺸﺘﺮ ﺍﺯ
 ۲۰۱۵ﺩﺍﺭﺩ ،ﺍﻣﺎ ﻫﻤﻪ ﺿﺮﺍﯾﺐ ﺣﺎﺻﻠﻀﺮﺏ ﺁﻥ ﺩﻭ ﭼﻨﺪﺟﻤﻠﻪﺍﯼ ﺑﺎ ﻗﺪﺭﻣﻄﻠﻖ ﺣﺪﺍﮐﺜﺮ  ۱ﺍﺳﺖ؟

] ۱۰ﺍﻣﺘﯿﺎﺯ[

 .۶ﯾﮏ ﺍﻣﭙﺮﺍﻃﻮﺭ ۲۰۱۵ ،ﺟﺎﺩﻭﮔﺮ ﺭﺍ ﺑﻪ ﯾﮏ ﺟﺸﻦ ﺩﻋﻮﺕ ﻣﯽﮐﻨﺪ .ﻫﺮ ﮐﺪﺍﻡ ﺍﺯ ﺟﺎﺩﻭﮔﺮﻫﺎ ﻣﯽﺩﺍﻧﺪ ﮐﻪ ﮐﺪﺍﻡ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﻭ ﮐﺪﺍﻡ ﺑﺪ
ﺍﺳﺖ ،ﻭﻟﯽ ﺍﻣﭙﺮﺍﻃﻮﺭ ﺍﯾﻦ ﺭﺍ ﻧﻤﯽﺩﺍﻧﺪ .ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﻫﻤﯿﺸﻪ ﺣﻘﯿﻘﺖ ﺭﺍ ﻣﯽﮔﻮﯾﺪ ،ﺩﺭ ﺣﺎﻟﯽ ﮐﻪ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺑﺪ ﻣﯽﺗﻮﺍﻧﺪ ﻫﺮﭼﻪ
ﺑﺨﻮﺍﻫﺪ ﺑﮕﻮﯾﺪ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﺑﻪ ﻫﺮ ﺟﺎﺩﻭﮔﺮ ﯾﮏ ﮐﺎﺭﺕ ﻣﯽﺩﻫﺪ ﮐﻪ ﯾﮏ ﺳﻮﺍﻝ ﺭ ﻭﯼ ﺁﻥ ﻧﻮﺷﺘﻪ ﺷﺪﻩ ﺍﺳﺖ .ﺍﯾﻦ ﺳﻮﺍﻝ ﻣﯽﺗﻮﺍﻧﺪ ﺑﺮﺍﯼ
ﻫﺮ ﺟﺎﺩﻭﮔﺮ ﻣﺘﻔﺎﻭﺕ ﺑﺎﺷﺪ .ﺳﭙﺲ ﺍﻣﭙﺮﺍﻃﻮﺭ ﺑﻪ ﺟﻮﺍﺏ ﻫﻤﻪ ﺟﺎﺩﻭﮔﺮﻫﺎ ﮐﻪ ”ﺑﻠﻪ“ ﯾﺎ ”ﺧﯿﺮ“ ﺍﺳﺖ ،ﮔﻮﺵ ﻣﯽﺩﻫﺪ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﺑﻌﺪ ﺍﺯ
ﺷﻨﯿﺪﻥ ﻫﻤﻪ ﺟﻮﺍﺏﻫﺎ ،ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺭﺍ ﺍﺯ ﯾﮏ ﺩﺭ ﺟﺎﺩﻭﯾﯽ ﺍﺧﺮﺍﺝ ﻣﯽﮐﻨﺪ ﮐﻪ ﻧﺸﺎﻥ ﻣﯽﺩﻫﺪ ﺍﯾﻦ ﺟﺎﺩﻭﮔﺮ ﺑﺪ ﺍﺳﺖ ﯾﺎ ﺧﻮﺏ .ﭘﺲ ﺍﺯ
ﺁﻥ ﺍﻣﭙﺮﺍﻃﻮﺭ ﮐﺎﺭﺕﻫﺎﯼ ﺟﺪﯾﺪ ﺑﺎ ﺳﻮﺍﻻﺕ ﺭﺍ ﺩﺭﺳﺖ ﻣﯽﮐﻨﺪ ﻭ ﺍﯾﻦ ﻓﺮﺍﯾﻨﺪ ﺭﺍ ﺩﻭﺑﺎﺭﻩ ﺍﺯ ﺍﻭﻝ ﺑﺎ ﺑﻘﯿﻪ ﺟﺎﺩﻭﮔﺮﻫﺎ ﺗﮑﺮﺍﺭ ﻣﯽﮐﻨﺪ ﻭ ﺍﯾﻦ ﮐﺎﺭ
ﭼﻨﺪﺑﺎﺭ ﺗﮑﺮﺍﺭ ﻣﯽﺷﻮﺩ .ﺍﻣﭙﺮﺍﻃﻮﺭ ﻣﯽﺗﻮﺍﻧﺪ ﭘﺲ ﺍﺯ ﻫﺮ ﺟﻮﺍﺏ ،ﻣﺘﻮﻗﻒ ﺷﻮﺩ ﻭ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺭﺍ ﺍﺧﺮﺍﺝ ﮐﻨﺪ ﯾﺎ ﻧﮑﻨﺪ .ﺛﺎﺑﺖ ﮐﻨﯿﺪ ﺍﻣﭙﺮﺍﻃﻮﺭ
ﻣﯽﺗﻮﺍﻧﺪ ﻫﻤﻪ ﺟﺎﺩﻭﮔﺮﻫﺎﯼ ﺑﺪ ﺭﺍ ﺍﺧﺮﺍﺝ ﮐﻨﺪ ،ﺩﺭﺣﺎﻟﯽ ﮐﻪ ﺣﺪﺍﮐﺜﺮ ﯾﮏ ﺟﺎﺩﻭﮔﺮ ﺧﻮﺏ ﺭﺍ ﺍﺧﺮﺍﺝ ﮐﺮﺩﻩ ﺍﺳﺖ.

] ۱۰ﺍﻣﺘﯿﺎﺯ[

 .۷ﻣﯽﺩﺍﻧﯿﻢ ﺍﮔﺮ ﺩﺍﯾﺮﻩ ﻣﺤﯿﻄﯽ ﻭ ﻣﺤﺎﻃﯽ ﯾﮏ ﭼﻬﺎﺭﺿﻠﻌﯽ ﻫﻢ ﻣﺮﮐﺰ ﺑﺎﺷﻨﺪ ،ﺁﻥﮔﺎﻩ ﺍﯾﻦ ﭼﻬﺎﺭﺿﻠﻌﯽ ﻣﺮﺑﻊ ﺍﺳﺖ .ﺁﯾﺎ ﮔﺰﺍﺭﻩ ﻣﺸﺎﺑﻪ ﺩﺭ
ﻓﻀﺎ ﺩﺭﺳﺖ ﺍﺳﺖ ،ﯾﻌﻨﯽ ﺍﮔﺮ ﯾﮏ ﻣﮑﻌﺐﻭﺍﺭ ﺩﺭ ﻭﻥ ﯾﮏ ﮐﺮﻩ ﻣﺤﺎﻁ ﺷﺪﻩ ﺑﺎﺷﺪ ﻭ ﻣﺤﯿﻂ ﺑﻪ ﮐﺮﻩ ﺩﯾﮕﺮ ﺑﺎﺷﺪ ﻭ ﺍﯾﻦ ﺩﻭ ﮐﺮﻩ ﻫﻢ ﻣﺮﮐﺰ
ﺑﺎﺷﻨﺪ ،ﺁﯾﺎ ﻣﯽﺗﻮﺍﻥ ﮔﻔﺖ ﺍﯾﻦ ﻣﮑﻌﺐﻭﺍﺭ ،ﯾﮏ ﻣﮑﻌﺐ ﺍﺳﺖ؟ )ﯾﮏ ﻣﮑﻌﺐﻭﺍﺭ ﯾﮏ ﭼﻨﺪﻭﺟﻬﯽ ﺑﺎ  ۶ﻭﺟﻪ ﭼﻬﺎﺭﺿﻠﻌﯽ ﺍﺳﺖ ﺑﻄﻮﺭﯼ
ﮐﻪ ﻫﺮ ﺭﺍﺱ ﻣﺘﻌﻠﻖ ﺑﻪ  ۳ﺿﻠﻊ ﺍﺳﺖ(.

] ۱۰ﺍﻣﺘﯿﺎﺯ[

:ﺷﻤﺎﺭﻩ ﮔﺮ ﻭﻩ
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ﻣﺴﺎﺑﻘﻪ ﺗﯿﻤﯽ ﺗﻮﺭﻧﻤﻨﺖ ﺷﻬﺮﻫﺎ
(۲ )ﺳﻄﺢ ﭘﯿﺸﺮﻓﺘﻪ
۱۳۹۳ ﺍﺳﻔﻨﺪ

(The result is computed from the three problems with the highest scores, the scores for the individual parts of a
single problem are summed up.)
points

2
3

problems
1.
a)
b)
2.

5

3.
a)
2
b)
6

A point X is marked on the base BC of an isosceles triangle ABC, and points P and Q are marked
on the sides AB and AC respectively so that AP XQ is a parallelogram. Prove that the point Y
symmetrical to X with respect to line P Q lies on the circumcircle of the triangle ABC.
A 2 × n-table (with n > 2) is ﬁlled with numbers so that the sums in all the columns are diﬀerent.
Prove that it is possible to permute the numbers in the table so that the sums in the columns would
still be diﬀerent and the sums in the rows would also be diﬀerent.
A 100 × 100-table is ﬁlled with numbers such that the sums in all the columns are diﬀerent. Is it
always possible to permute the numbers in the table so that the sums in the columns would still be
diﬀerent and the sums in the rows would also be diﬀerent?

4.

An convex N -gon with equal sides is located inside a circle. Each side is extended in both directions
up to the intersection with the circle so that it contains two new segments outside the polygon. Prove
that one can paint some of these new 2N segments in red and the others in blue so that the sum of
lengths of all the red segments would be the same as for the blue ones.

5.

Do there exist two polynomials with integer coeﬃcients such that each polynomial has a coeﬃcient
with an absolute value exceeding 2015 but all coeﬃcients of their product have absolute values not
exceeding 1?

6.

An Emperor invited 2015 wizards to a festival. Each of the wizards knows who of them is good and
who is evil, however the Emperor doesn’t know this. A good wizard always tells the truth, while an
evil wizard can say what he wants. The Emperor gives each wizard a card with a single question,
maybe diﬀerent for diﬀerent wizards, and after that listens to the answers of all wizards which are
either “yes” or “no”. Having listened to all the answers, the Emperor expels a single wizard through
a magic door which shows if this wizard is good or evil. Then the Emperor makes new cards with
questions and repeats the procedure with the remaining wizards, and so on. The Emperor may
stop after any answer, and after this the Emperor may expel or not expel a wizard. Prove that the
Emperor can expel all the evil wizards having expelled at most one good wizard.

7.

It is well-known that if a quadrilateral has the circumcircle and the incircle with the same centre
then it is a square. Is the similar statement true in 3 dimensions: namely, if a cuboid is inscribed
into a sphere and circumscribed around a sphere and the centres of the spheres coincide, does it
imply that the cuboid is a cube? (A cuboid is a polyhedron with 6 quadrilateral faces such that each
vertex belongs to 3 edges.)

8

10

10

10

The positive integers x, x2 and x3 begin with the same digit. Does it imply that this digit is 1?
The same question for the positive integers x, x2 , x3 , . . . , x2015 .

